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Abstract. In this paper we prove that if G is a connected, simply- 
5-H ■ connected, semi-simple algebraic group over an algebraically closed field 

of sufficiently large characteristic, then all the blocks of the restricted 
enveloping algebra (Uq)o of the Lie algebra g of G can be endowed 
with a Koszul grading (extending results of Andersen, Jantzen, Soergel). 
We also give information about the Koszul dual rings. In the case of 

1 i the block associated to a regular character A of the Harish- Chandra 
£"H ' center, the dual ring is related to modules over the specialized algebra 
J*V^ (Wfl) A with generalized trivial Frobenius character. Our main tool is the 

localization theory developed by Bezrukavnikov, Mirkovic, Rumynin. 
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Introduction 

0.1. Since [BGS], Koszul duality has proved to be a very useful and pow- 
erful tool in Lie theory. In [BGSJ, Beilinson, Ginzburg and Soergel prove 
that every block of the category O of a complex semi-simple Lie algebra 
is governed by a Koszul ring, whose dual ring governs another subcate- 
gory of the category O. In this paper we obtain, using completely different 
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methods, counterparts of these results for modules over the Lie algebra g 
of a connected, simply-connected, semi-simple algebraic group G over an 
algebraically closed field k of sufficiently large positive characteristic. In 
particular we prove that every block of the category of finitely generated 
modules over the restricted enveloping algebra {Ug)o is governed by a Koszul 
ring, whose dual ring is also related to the representation theory of q. The 
Koszulity of the regular blocks was already proved (under the same assump- 
tions) using different methods by Andersen, Jantzen and Soergel in [AJS]. 
The Koszulity for singular blocks, as well as the information on the dual 
ring (in all cases) are new, however. 

As in [BGS] we use a geometric picture to prove Koszulity. Over C, the 
authors of |BGS| use perverse sheaves and Beilinson-Bernstein localization; 
over k we rather use coherent sheaves, and the localization theory in positive 
characteristic developed by Bezrukavnikov, Mirkovic and Rumynin. 

0.2. The base of our arguments is a geometric interpretation, due to Mirko- 
vic, of Koszul duality between symmetric and exterior algebras. For sim- 
plicity, consider first the case of a finite dimensional vector space V. Usual 
Koszul duality (see [BGGj IBGSl IGKMj ) relates modules (or dg-modules) 
over the symmetric algebra S(V) of V and modules (or dg-modules) over 
the exterior algebra A(V*) of the dual vector space. Geometrically, S(V) 
is the ring of functions on the variety V*. As for A(V*), there exists 

a quasi-isomorphism of dg-algebras A(V*) = k<g>g(y*)k, where A(V*) is 
equipped with the trivial differential, and the grading such that V* is in de- 
gre —1. Hence A(V*) is the ring of functions on the "derived intersection" 

{0} Ply {0}, considered as a dg-scheme. An extension of the constructions of 
[GKM] yields similarly, if E is a vector bundle over a non-singular variety 
X and F C E is a sub-bundle, a Koszul duality between a certain category 
of (dg)-sheaves on F and a certain category of (dg)-sheaves on the derived 

intersection F ± He* X, where E* is the dual vector bundle, F 1 - C E* the 
orthogonal of F, and X the zero section of E* (see Theorem 12.3. 10[) . 

We have proved a result of the same flavor with Mirkovic, in a more gen- 
eral context, in [MRilJ. Let us point out, however, that Theorem 12.3.101 is 
not a particular case of the main result of [MRilj . In particular, our equiv- 
alence here is covariant, while the equivalence of MRU] is contravariant. 

0.3. Return to our connected, simply-connected, semi-simple group G over 
the field k of (sufficiently large) positive characteristic p. Let q be its Lie 
algebra, and Uq the enveloping algebra of g. Fix a maximal torus T, with 
Lie algebra t, and a Borel subgroup B D T, with Lie algebra b. Let U be 
the unipotent radical of B, and n its Lie algebra. Let W be the Weyl group. 
The center 3 of Ug has two parts: the Frobenius center 3fd isomorphic 
to S^ 1 - 1 ) (the supscript denotes Frobenius twist), and the Harish-Chandra 
center 3hc — S(t)^ M/ '*\ Hence a character of 3 is given by a "compati- 
ble pair" (X,x) where A G t*, x 6 0* • We only consider the case when 
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X = 0, and A is integral. Let Mod,^ be the category of finitely gen- 

erated Wg-modules on which 3 acts with generalized character (A,x). Let 
(Uq) x := Uq ®3 hc k\ be the specialization, and Mod[f((£/g) A ) the category 
of finitely generated modules on which 3hc acts via A and 3Fr acts with gen- 
eralized character X = 0. Similarly, let (Uq)q := Z//g<£>3 Fr ko be the restricted 
enveloping algebra, and Mod^((£Yg)o) the category of finitely generated re- 
stricted modules on which 3hc acts with generalized character A. 

Fix a regular weight A € X*(T); we denote similarly the induced element 
of t*. Important results of Bezrukavnikov, Mirkovic and Rumynin ([BMR, 
IBMR2j ) give geometric pictures for the derived categories P 6 Mod^| \(Ug) 

and D fe ModQ g ((Wg) A ), as follows. Denote by B the flag variety, N the 
Springer resolution, and g the Grothendieck resolution. Then 

/ V b Coh BW (SfW) = 2> 6 Mod*f((W ) A ), 
[ ' \ V b Coh Bil) (g^) - V b Mod[l 0) (U 9 ), 

As a first step we derive from (|0.3.ip a localization theorem for restricted 
Z^g-modules with generalized character A (see Theorem 13. 4. lj) : 

DGCoh((grv xe i3)«) * V b Mod^((UQ) ), 

where g n fl * X B B is the derived intersection of g and the zero section B inside 

the trivial vector bundle g* x B, and DGCoh((g n„. xB #) (1) ) is the derived 
category of coherent dg-sheaves on the Frobenius twist of this intersection. 



0.4. Under our assumptions there is an isomorphism of G-equivariant vec- 
tor bundles (g* x B)* = g* x B, such that g identifies with the orthogonal 
of Af C g* x B. Hence the Koszul duality of §0.21 yields a duality between 
certain dg-sheaves on J\f^ and on the derived intersection (g n g * X B ^)^- 
Now observe that there is an inclusion V b Mod^ ((Uq) x ) ^ T> b Coh(Af^), 
induced by (|0.3.1f) . Using the results of §0.21 we construct categories C gr , 
V gT of G m -equivariant dg-sheaves, endowed with auto-equivalences (1) (the 
internal shift), an equivalence k : C gr — > P gr (Koszul duality), and a dia- 
gram 

£gr ^ pgr 

For I | For 

V b Modl s ((UQ) x ) c >■ V b Coh(M^) P b Mod^f((Wg)o). 

In other words, we construct a "Koszul duality" which relates two categories 
of Wg-modules with central character determined by the pair (A, 0): one in 
which the Frobenius character is generalized, and one in which the Harish- 
Chandra character is generalized (the other one being fixed). 
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Let W^ s ■= W k X*(T) be the extended affine Weyl group. By a 
celebrated theorem of Curtis ( |Cu| ) and by the decription of the Harish- 
Chandra center 3hc> the simple objects in the categories Mod[) g ((£Yg) A ) and 
Modjjf ((Wg)o) are the (restrictions of the) simple G-modules L(/j,) for /i£X 
dominant restricted, in the orbit of A under the dot-action of the extended 
affine Weyl group W^ s . The category Mod^ g ((Wg)o) is the category of finitely 

generated modules over the finite dimensional algebra (Uq)q (the block of 
(JAq)q associated to A). We denote by P(fi) the projective cover of L(fi) in 
this category. The objects L(/i) can be lifted to the category C gr , uniquely 
up to a shift. The same is true for the objects P(/i) and the category D gr . 

Assume A is in the fundamental alcove. Consider tq := t p ■ wq G W^ s , 
where t p is the translation by the half sum of positive roots p, and wq G W 
is the longest element. Our key-point is the following (see Theorem 14.4.31k 

Assume p>0. There exists a unique choice of the lifts 
L§ r (/i) G C gr , P&(n) G D gr such that if w G W^ s and w • A is 
dominant restricted, then n{L gr {w • A)) = P si (tqw • A). 

In other words, our "geometric" Koszul duality exchanges semi-simple and 
projective modules. This result was supported by calculations in small ranks 
obtained with Bezrukavnikov and published as an appendix to 

0.5. Our proof of this key-point relies on the study of "geometric counter- 
parts" of the reflection functors 9^| r : V gr — > T> sr (here 5 is an affine simple 
root), which send (lifts of) projectives to (lifts of) projectives. We identify 
the "Koszul dual" (i.e. the conjugate by k) of these functors, which are re- 
lated to some functors <5 gr which send (lifts of) some semi-simple modules 
to (lifts of) semi-simple modules (see Theorem 18.2. ip . Then we only have 
to check our key-point when £{w) = 0, which can be done explicitly. 

To prove the "semi-simplicity" of the functors S| r we use Lusztig's conjec- 
ture on the characters of simple G-modules, see [LI] (or rather an equivalent 
formulation due to Andersen, see [A2] ) . By the work of Andersen- Jantzen- 
Soergel ( [AJS] ). combined with works of Kazhdan-Lusztig ( |KH IL2| ) and 
Kashiwara-Tanisaki (|KT|), (sec [ABG, Fl] for other approaches), this con- 
jecture is true for p sufficiently large (with no explicit bound). Recently 
Fiebig has given a proof of this conjecture for p bigger than a (very large) 
explicit bound (see [F2] ) . This explains our restriction on p. 

Let us remark that related ideas (in particular, a contruction of graded 
versions of translation functors) were considered by Stroppel in [St] for the 
category O in characteristic 0. However, our techniques are different. 

0.6. We derive from the key-point of §0.41 the Koszulity of regular blocks 
of (Uq)q. For this we use a general criterion for a graded ring to be Morita 



See |R2| for a more detailed version of these computations, and the case G = SL(2). 



KOSZUL DUALITY AND REPRESENTATIONS OF LIE ALGEBRAS 



5 



equivalent to a Koszul ring, proved in Theorem 19.2.11 More precisely we 



obtain the following result (see Theorem 19.5. lft : 



There exists a (unique) grading on the block (Uq)q which makes it a 
Koszul ring. The Koszul dual ring controls the category Mod[) g ((£Yg) A ). 
Hence, from a "geometric" Koszul duality between dg-sheaves on the dg- 



between the abelian categories Mod[f((W0) A ) and Mod^f ((Wg) ). 

0.7. Finally we consider "parabolic analogues" of our geometric duality, 
where B is replaced by a partial flag variety V . We prove a version of our 
restricted localization theorem for singular weights (Theorem l3.4.14| ). Then 
we derive from our key-point (see §0.4p a version of it for this "parabolic" du- 
ality, and we deduce Koszulity of singular blocks of (Uq)o (Theorem ll0.3.ip . 
In this case the Koszul dual ring is related to a quotient of Uq introduced 
in |BMR21 §1.10]. In particular it follows that, for p S> 0, {Uq)q can be 
endowed with a (unique) Koszul grading, i.e. a grading which makes it a 
Koszul ring (Corollary 110, 3. 2p . This fact was conjectured (for p > h) by 
Soergel in [S2| . 

0.8. Our results also give information on the complexes of coherent sheaves 
corresponding, under equivalences flQ.3.1 jl . to simple and projective Uq- 
modules. (The question of computing these objects was raised in [BMR2, 
1.5.1].) Namely, the objects corresponding to indecomposable projectives 
and to simples are related by the simple geometric construction of §0.21 We 
also provide a way to "generate" these objects: namely, to compute them 
it suffices to apply explicit functors to explicit sheaves, and to take direct 
factors. In practice these computations are very difficult, however. 

0.9. Organization of the paper. In section [1] we develop the necessary 
background on derived categories of sheaves of dg-modules over sheaves of 
dg-algebras, extending results of [BL, Sp|. We also introduce some notions 
related to dg-schemes in the sense of [CK]. In section [2] we give a geometric 
version of Koszul duality, and study how this duality behaves under proper 
flat base change, and with respect to sub-bundles. In section [3] we prove a 
localization theorem for restricted Wg-modules, completing [BMR, BMR2J. 

In section H] we state a version of our key-point. Sections [5] to are de- 
voted to the proof of this theorem. In section [5] we introduce useful tools for 
our study, in particular braid group actions, using the main result of |Rlj . In 
section [6] we study the projective (Wg) A -modules and their geometric coun- 
terparts, and their behaviour under reflection functors. In section [7] we study 
the simple restricted (Z//g) A -modules and their geometric counterparts, and 
their behaviour under the "semi-simple" functors ©5. In section [8] we finally 
prove that the "geometric" Koszul duality exchanges the indecomposable 
projective (Wg) A -modules and the simple restricted (Wg) A -modules. 
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In section [9] we prove that there is an "algebraic" Koszul duality relat- 
ing (Uq)q -modules and (Uq) x -modules with generalized trivial Frobenius 
character. Finally, in section [10] we extend some of our results to singular 
characters. In particular we prove Koszulity of singular blocks of (Wfj)o- 

0.10. Acknowledgments. The author deeply thanks R. Bezrukavnikov for 
suggesting lots of these results to him, and for his useful help, remarks and 
support. He also thanks P. Polo for his very careful reading of several earlier 
versions of this paper and for his encouragement, I. Mirkovic for allowing 
him to use his ideas on Koszul duality, and J. C. Jantzen for pointing out 
an inaccuracy in section [TU1 

This work is part of the author's PhD thesis at Paris VI University, under 
the joint supervision of R. Bezrukavnikov and P. Polo. Part of it was done 
while the author was a Visiting Student at the M.I.T., supported by the 
F.N.S. Paris. He thanks both institutions for their support and hospitality. 

1. Sheaves of dg- algebras and dg-modules 

In this section we extend classical results on dg-algebras and ringed spaces 
(see [BI4 |Sp| ) to the case of a sheaf of dg-algebras on a ringed spaced. 
We fix a commutative ringed space (X, Ox), and write simply <g) for ®o x ■ 

1.1. Definitions. Let A = (B pe zA p be a sheaf of Z-graded Ox-algebras 
on X, and denote by fi A : A <8> A — > A the multiplication map. 

Definition 1.1.1. A is a sheaf of dg-algebras if it is provided with an endo- 
morphism of Ox-modules d A : A — > A, of degree 1, such that d A o d A = 0, 
and satisfying the following formula on A p <S> A, for any p € Z: 

d A ° /M = VA° (d A <g> ld A ) + (-l) p fi A o (Id^ P <g> d A ). 

A morphism of sheaves of dg-algebras is a morphism of sheaves of graded 
algebras commuting with the differentials. 

A sheaf of dg-modules over A (in short: ,4-dg-module) is a sheaf of graded 
left ^-modules J- on X, provided with an endomorphism of 0x- m odules 
djr : T — > J-, of degree 1, such that djrodjr = 0, and satisfying the following 
formula on A p <S> J~ for p£Z, where ajr : A (8) J- — > J- is the action map: 

dr Otjr = ajr o (d A <g> Idjr) + (-l) p ajr o (ld A P (g> djr). 

A morphism of sheaves of dg-modules is a morphism of sheaves of graded 
.4- modules commuting with the differentials. 

We will always consider Ox as a sheaf of dg-algebras concentrated in 
degree 0, provided with the zero differential. In the rest of this section we 
fix a sheaf of dg-algebras A. 



In this section we have tried to use only elementary methods, and to construct de- 
rived functors "concretely", using resolutions. Using more "modern" tools of homological 
algebra, it would certainly be possible to prove similar results under weaker assumptions. 
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We denote by C(X,A) (or sometimes C(A)) the category of sheaves of 
dg-modules over A. There is a natural translation functor [1] : C(X,A) — > 
C(X,A), defined as in [BI4 10.3]. One defines as usual the homotopy cate- 
gory H(X,A) (see (BLj 10.3.1]). It is triangulated ([ELI 10.3.5]). 

If T is an object of C(X,A) or 1-L{X, A), we define its cohomology to be 
the graded sheaf of Ox-modules H(T) = Ker(djr)/Im(djr). A dg-module 
T is said to be acyclic if H(T) = 0. A morphism : T — > Q in C(X,A) 
or TL(X, A) is said to be a quasi-isomorphism if it induces an isomorphism 
H{4>) : H(T) — > H(Q). Finally, one defines the derived category T>(X,A), 
which is also triangulated, as in [BL] 10.4.1]. 

One defines similarly the category C T (X, A) of sheaves of right .A-dg- mo- 
dules, its homotopy category H T (X, A) and its derived category V r (X,A). 
One defines the opposite sheaf of dg-algebras A op as in [BLl 10.6.2]. There 
is a natural equivalence of categories C V (X, A) — > C(X, A op ), defined as in 
[BI4 10.6.3]. A sheaf of dg-algebras A is said to be graded- commutative if 
the identity map Id : A — > A op is an isomorphism of sheaves of dg-algebras. 
In this case we have an equivalence C(X,A) = C r (X,A). 

1.2. Horn, Tens and (co) induction. Let J 7 and Q be objects of C(X,A). 
We define the sheaf of Ox-dg-modules HomjXT^Q) having, as degree p 
component, the Ox-module of local homomorphisms of graded ^-modules 
T — > Q[p\ (not necessarily commuting with the differentials), and provided 
with the differential given by 

(1.2.1) d{4>) =d g o(j)-(-l)P(j)od T 

if <f> G ('Hom^(J 7 ,Q)) p . This construction defines a bifunctor 

Hom A (-, -) : C(X, A) op x C(X, A) -> C(X, O x ). 

One checks that Hom^—, — ) preserves homotopy, hence defines a bifunctor 
between homotopy categories. If A is graded-commutative, this construction 
even defines a bifunctor with values in T~L(X, A). 

We define the functor Hom^(-,-), from C(X,A) op x C(X,A) to the 
complexes of abelian groups, by (Hom^fJ",^) 4 := T(X, (Hom^J 7 , G)) 1 ), 
the differential being that of (jl.2.ip . Then Hom C (^ .a)^, Q) is the kernel of 
the differential d°, and Hom%pf,.A) (F, Q) = H (Hom^^, Q)). 

Let T be in C r (X,A), and Q in C(X,A). We define the sheaf of O x - 
dg-modules T <S>a G, graded in the natural way, and having the differential 
given on local sections of J- p (8>^t Q by 

d{f®g) =d{f)®g + {-lff®d{g). 

This construction defines a bifunctor 

(- ®a ~) ■ C r (X, A) x C(X, A) -+ C(X, Ox). 

One checks that (— ®a — ) preserves homotopy, hence defines a bifunctor 
between homotopy categories. As usual the tensor product is associative. 
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Ind:{ C ^ 



Coind : 



Let us define the induction functor in the usual way: 

-)■ C(X,A) 
i— > A ®o x 

This functor is a left adjoint to the forgetful functor For : C(X, A) 
C(X,Ox)- More precisely, for F in C(X,Ox) and Q in C(X, A), we have a 
functorial isomorphism 

(1.2.2) Hom A (Ind(T),g) Hom 0x (J - , For (0)). 

The functor Ind also induces a functor %(X, Ox) — > H(X, A), which is left 
adjoint to the forgetful functor. 

Now we define the coinduction functor 

C(X,O x ) -> C(X,A) 

(and similarly for the homotopy categories) where the grading and differen- 
tial are defined as in (|1.2.ip . and the action of A is given by 

( a ■ <j))(j) = (_l)deg(a)d eg W+deg( a )deg( 7 )^( 7a ^ 

One easily checks that the functor Coind is a right adjoint to the forgetful 
functor C(X,A) — > C(X,Ox)- More precisely, for F in C(X, A) and Q in 
C(X,Ox) there is a functorial isomorphism 

Uom 0x {F,Q) Hom A (F,Comd(g)). 

For later use, let us remark that the adjunction morphism Ind (J 7 ) — > F, 
resp. F — > Coind(J 7 ), is surjective, resp. injective, for F G C(X,A). 

1.3. Existence of K-flat and K-injective resolutions. To ensure the 
existence of the usual derived functors, we have to show that there are 
enough "nice" objects in C(A). We follow Spaltenstein's approach ( |Sp| ). 



Definition 1.3.1. Let F be an object of C(A). 

(a) F is said to be K-injective if the following equivalent properties hold: 

(i) For every Q € C(A), Rom n{A) (g,F) = Kom V ( A) (g,F); 

(ii) For every Q G C(A) such that H(Q) = 0, H(Rom A (g, F)) = 0. 

(b) F is said to be K-flat if for every Q £ C r (A) such that H(Q) = 0, 
H{Q ® A F) = 0. 

Easy applications of the basic properties of induction and coinduction 
functors give the following lemma: 

Lemma 1.3.2. (i) If F is a K-flat Ox-dg-module, then Ind(J-") is a K- 
flat A- dg- module. If Q is a K-injective Ox-dg-module, then Coind(^) is a 
K-injective A-dg-module. 

(ii) Assume A is K-flat as an Ox-dg-module. Then every K-injective A- 
dg-module is also K-injective as an Ox-dg-module. Similarly, every K-flat 
A-dg-module is also K-flat as an Ox-dg-module. 



"^See |BLI 10.12.2.2] for details on the equivalence of these conditions. 
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Now we prove that there exist enough K-flat modules in C(X,A). The 
case A = Ox is treated in |Sp| , and will be the base of our proofs. If M. is 
a complex of sheaves, we denote by Z(M) the graded sheaf Ker(ci_A/(). 

Theorem 1.3.3. For every sheaf of A-dg-modules T, there exists a K-flat 
sheaf of A-dg-modules V and a quasi-isomorphism V T . 

Proof. First, let us consider T as an Ox-dg-module. By |Sp[ 5.6], there 
exists a K-flat Ox-dg-module Qo an d a surjective Ox-quasi-isomorphism 
Qq — » T . Thus there exists a surjective morphism of A-dg- modules 

V := Ind(Qo) -» Ind(^) -» T, 

and the A-dg-module Vq is K-flat, by Lemma 11.3.2( 1). One can check that 
the induced morphism Z(Vq) — > Z(T) is also surjective. 

Doing the same construction for the kernel of the morphism Vq —> J~, and 
repeating, we obtain an exact sequence of .A-dg-modules 

> Vx -> V ->• T -f 

where each "P p is K-flat, and such that the induced sequence 

► Z{Vi) ->■ Z(7> ) -> 

is also exact. Now we take the A-dg-module V := Tot®(- • • — y V\ — ^ V® — > 
— > ■ ■ ■ ), where V p is in horizontal degree —p. It is K-flat, as the direct limit 

of the K-flat A-dg-modules V< p := Tot®( > ->■ V v -> >P ^0^ 

• • • ) (see |Sp[ 5.4. (c)]). Now we prove that the natural morphism 'P —■ T is 
a quasi-isomorphism, i.e. that the complex A* := Tot®(- • • — > V\ — > Po — ► 
J 7 — >• — )• • • • ), where J 7 is in horizontal degree 1, is acyclic. 

The argument for this is borrowed from [Kelj[ 3.3], |Ke2] . We put V-\ ■= 
T, and V p = if p < — 1. Consider, for m > 1, the double complex of 
Ox-modules X m defined by (XmY' j = if j <£ [-m,m], {X m ) id = (V-i) j 
if j G [-m,m - 1], and (X m ) i,m = Z(V-i) m . Then X is the direct limit 
of the complexes Tot®(X m ), which are acyclic because they admit a finite 
filtration with acyclic subquotients. Hence X is acyclic. □ 

We will also need the following result, which is borrowed from |Sp[ 5.7]: 

Lemma 1.3.4. IfVin C(A) is K-flat and acyclic, then for any J- in C T (A) 
the Ox-dg-module T ®^.T > is acyclic. 

From now on in this section we make the following assumptions: 

(f) All our topological spaces are noetherian of finite dimension, 
(ft) All our dg-algebras are concentrated in non-positive degrees. 

These assumptions are needed for our proofs and sufficient for our applica- 
tions, but we hope they are not essential. In order to construct resolutions 
by K-injective A-dg-modules, we begin with bounded below dg-modules. 
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Lemma 1.3.5. For T a bounded-below A-dg-module, there exists a quasi- 

isomorphism of A-dg-modules J- — > I, where I is K-injective, bounded 
below with the same bound as J- and such that I p is a flabby sheaf for p £ Z. 

Proof. First, there exists a bounded below Ox-dg-module J7b (with the same 
bound as J-), all of whose components are injective Ox-modules, and an 
injective morphism (ft : T «-)■ J$. Then Jq is a K-injective Ojfdg- module by 



Sp 1.2, 2.2. (c), 2.5]. By Lemma ll.3.2( i). Iq := Coind( l 7o) is a K-injective 
.A-dg-module, and one obtains an injective morphism of „4-dg-modules 

T Coind(J") ^ I - 

This module is bounded below, again with the same bound, and its graded 
components are flabby (by |KSt II.2.4.6.(vii)], and the fact that a product of 
flabby sheaves is flabby). Repeating the same construction for the cokernel, 
and then again and again, we obtain an exact sequence of .4-dg-modules 
(bounded below with the same bound for all the modules) 

-> T -> 2o -> Xi -> I 2 -> • • • 

where each X p is K-injective and has flabby components. 

Consider the „4-dg-module X := Tot®(- • • -> X -> Zi -»■ • • • ). This 
module is the inverse limit of the A-dg-modules K, p := Tot®(- • • — > — > 
Xq —)••••—> I p — > — > • • • ) for p > 0. Each /C p is K-injective (because it has 
a finite filtration with K-injective sub quotients). Moreover, the morphisms 
K-p+i — > fcp are surjective, and split as morphisms of graded .A-modules. 
Hence this inverse system is "special" in the sense of (Sp, 2.1]. We deduce 
that X is K-injective ( |Sp[ 2.3, 2.4]). This module has flabby components, 
and one can checks that the morphism T — > X is a quasi-isomorphism. □ 

Now we can treat the general case. Recall the definition of the truncation 
functors r> n ( \KS\ (1.3.11)]). Because of our assumption (ft), this definition 
still makes sense (and has the usual properties) for A.-dg- modules. 

Theorem 1.3.6. For every A-dg-module T , there exists a quasi-isomor- 
phism of A-dg-modules T — ^ X where X is K-injective. 



Proof. Using the preceding lemma, the construction of Sp, 3.7] generalizes: 



there exists an inverse system of morphisms /„, : T>- n T I n , where /„ is a 
quasi-isomorphism, X n is a K-injective ^l-dg-module with In = for p < —n 
and In flabby for p > — n, and, furthermore, the morphisms I n -\-i — > I n 
are surjective and split as morphisms of graded A.-modules. Then, as in 
the previous lemma, lim I n is K-injective. It remains only to prove that 
/ := hjn f n is a quasi-isomorphism. For this we can follow |Sp[ 3.13]. Indeed, 
using Grothendieck's vanishing theorem ([H2, III. 2. 7]), condition 3.12.(1) of 



Sp is satisfied with 05 = Mod(Ox) ; and d x = dim(X) for any x € X. 
Moreover, in the proof of Sp, 3.13], the fact that the I n are K-injective over 
Ox is not really needed. In fact, we only need to know that, for every n, the 
kernel JC n of the morphism I n — > I n -i is a resolution of Ti~ n {J-)[n] which 
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is acyclic for the functors T(U, — ) for every open U C X. In our case, fC n is 
a flabby resolution of H~ n (J-)[n]. Hence / is a quasi-isomorphism. □ 

1.4. Derived functors. In this subsection we construct the derived func- 
tors (see [Del 1.2], [Ke3l sections 13-15]) of Hom^— , — ) and (— <S>a ~ )■ 

Let (X, Ox) and (Y, Oy) be commutative ringed spaces, and let A, resp. 
B, be a dg-algebra on X, resp. Y . Let F : %{A) — > %{B) be a triangulated 
functor. Following Deligne, one says that the right derived functor RF is 
defined at J 7 € H (A) if J- has a right resolution X which is -F-split on the 
right, i.e. every right resolution y of X has itself a right resolution Z such 
that F induces a quasi-isomorphism between F{X) and F{Z). Similarly, 
left derived functors are defined at objects which are F-split on the left. 
Remark that a K-injective .4-dg-module is F-split on the right for any such 
functor (see Definition II. 3. in )). Hence, under assumptions (t), (if), right 
derived functors are defined on the whole category V(A), by Theorem ll.3.61 

Let Ab be the category of abelian groups, H(Ab) its homotopy cate- 
gory, and V(Ab) its derived category. Consider the bifunctor Hom^(— , — ) : 
U(A) op xU(A) -)■ H(Ab). Fix T E H(A) op . Then we define the functor 
KRom_4.(F ', — ) : T>(A) — > V(Ab) as the right derived functor of Hom^p 7 , — ). 
Now for each Q £ V(A), the functor KHom A (-,g) : U(A) op -> £>(Ab) 
sends quasi-isomorphisms to isomorphisms, hence factorizes through a func- 
tor D(A) op —> T>(Ab), denoted similarly. This defines the bifunctor 

RRom A (-, -) : V{A) op x V(A) -> 2?(Ab). 

Now consider the bifunctor (- ®^ -) : U r (A) x H(A) -> H{O x )- As 
above, for each T in ?i r (A), by Theorem 11.3.31 and Lemma 11.3.41 there are 
enough objects split on the left (e.g. K-flat dg-modules) for the functor 

{T ®A ~) ■ H(A) -)■ TiiPx). Hence, its left derived functor (F&A-) ■ 
T>(A) — > V(Ox) is well defined. Hence we have the derived bifunctor 

(-8U-) : V r \A) x V(A) -)• Z>(O x ). 

1.5. Direct and inverse image functors. Use the same notation as in 
§1.41 A pair such as (X, A) is called a dg-ringed space. A morphism of dg- 
ringed spaces f : (X, A) — > (Y, B) is a morphism Jq : (X, Ox) (Y, Oy) of 
ringed spaces, together with a morphism of sheaves of dg-algebras /q B — > A. 

We have a natural direct image functor /* : C(X, A) — > C(Y,B) and its 
right derived functor 

i?/* :V{X,A) ->V(Y,B), 

which can be computed by means of right K-injective resolutions (see dis- 
similarly, there is a natural inverse image functor 

/ C(Y,B) -> C(X,A) 

Its left derived functor Lf* : T>(Y, B) —¥ T>(X, A) is defined on the whole of 
T>(A), and can be computed by means of left K-flat resolutions. 
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The following definition is adapted from Sp 5.11]: 

Definition 1.5.1. The *4-dg-module T is said to be weakly K-injective if 
Hom^(G, F) is acyclic for any acyclic K-flat ^4-dg-module Q. 

It is clear that K-injective implies weakly K-injective. The following 
lemma is a more general (but weaker) version of Lemma ll.3.2( ii) . 

Lemma 1.5.2. Let J 7 be a weakly K-injective A-dg-module. Then f*J- is 
a weakly K-injective B-dg-module. In particular, a weakly K-injective A-dg- 
module is also weakly K-injective when considered as an Ox-dg-module. 



Proof. The first statement can be proved as in |Sp[ 5.15(b)]. The second 
one follows, using the natural morphism (X, A) — > (X, Ox)- □ 

Let For x : V(X, A) -> V(X, Ox) and Fory : V(Y, B) -> V(Y, Oy) denote 
the forgetful functors. Let R(f )* ■ V(X,O x ) -> V(Y,O y ) be the right 
derived functor of the morphism of dg-ringed spaces /o- 

Corollary 1.5.3. (i) There exists an isomorphism of functors Fory oRf* = 
R(fo)* °Forx- In other words, Rf* is compatible with R(fo)*- 

(ii) If (Z, C) is a dg-ringed space and g : (Y, B) — > (Z, C) a morphism, the 
natural morphism of functors R(g o f)* Rg* o Rf* is an isomorphism. 

Proof, (i) The isomorphism follows from Lemma 11.5.21 and |Sp[ 6.7] (which 
says that R(fo)* can be computed using a weakly K-injective resolution). 

(ii) If J 7 is a weakly K-injective, acyclic „4-dg-module, then T is also 
acyclic and weakly K-injective as an Ox-dg-module (by Lemma ll.5.2p . 
Hence f*T = (/o)*^ 7 is acyclic (see |Sp[ 5.16]). It follows that weakly K- 
injective dg-modules are split for direct image functors. Then the result 
follows from classical facts on derived functors (see [Ke3t 14.2]). □ 

Similarly, one can prove: 

Proposition 1.5.4. If g : (Y,B) — > (Z,C) is a second morphism of dg-ringed 
spaces, then there exists an isomorphism of functors L(g o /)* = Lf* o Lg* . 

Definition 1.5.5. The morphism / : (X, A) — > (Y,B) is a quasi-isomor- 
phism if X = Y, /o = Id, and the associated morphism <p : B — > A induces 
an isomorphism on cohomology. 

The following result is an immediate extension of [BL, Theorem 10.12.5.1], 
and can be proved similarly. It says that the category D(X, A) depends on 
A only up to quasi-isomorphism. 

Proposition 1.5.6. Let f : (X,A) — > (X,B) be a quasi-isomorphism. Then 

Rf* : V(X,A) -+V(X,B) and Lf* : V(X, B) -> V(X, A) 
are equivalences of categories, quasi-inverse to each other. 
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1.6. Adjunction. Let / : (X,A) — > (Y,B) be a morphism of dg-ringed 
spaces. In this subsection we show that Rf* and Lf* are adjoint functors. 

Following |Sp[ 5.0], we denote by ^p(X) the class of dg- modules T in 
C(X, Ox) which are bounded above, and such that for each i £ Z, T l is a 
direct sum of sheaves of the form Otj c x (the extension by zero of Ox\u to 
X) for U open in X. We denot^ by ^3(A) the smallest full subcategory 

of C(X,Ox) containing ty(X) and such that for any direct system (J 7 ra ) n >o 
of objects of ty(X) such that the morphisms T n — \ T n +\ are injective and 

split as morphisms of graded A- modules, the object liiri T n is in ty(X). The 

objects in ^(X) are K-flat (as in |Sp[ 5.5]). 

Lemma 1.6.1. Let J- be a K-flat A-dg-module, and Q a weakly K-injective, 
acyclic A-dg-module. Then Hom_4( J 7 , Q) is acyclic. 

Proof. By Lemma ll.5.2| Q is also weakly K-injective as an Ox-dg-module. 
Consider the class £} of objects £ of C(X, A) such that Homy^, Q) is acyclic. 
By |Sp[ 5.20] and (jl.2.2p . Q contains the class £ of objects of the form 
Ind(A / () for A4 S *}3(X). Now, using the same proof as that of Theo- 
rem [L33J there exists a direct system (V< n ) n >o of .4-dg-modules such that 
each V< n has a finite filtration which subquotients in £ and such that the 
morphisms V< n — > V< n +± are injective and split as morphisms of graded 
.4- modules, and a quasi-isomorphism V := lim V< n — > T. Using again |Sp[ 
2.3, 2.4], V is in £J. As Q is weakly K-injective, and T and V are K-flat, the 
morphism Horn^J 7 , Q) — > Hom_4('P,^) is a quasi-isomorphism. □ 

Using Lemma ll.6.11 the following result can be proved as in |Sp[ 6.7(c)]. 
Alternatively, the adjunction statement also follows from |Ke3^ 13.6]. 

Theorem 1.6.2. The functors Lf* and Rf* are adjoint. More precisely, 
for T G T>(Y, B) and Q G T>(X,A) there exists a functorial isomorphism 

RHom A (Lf*T,g) ^ EHoms (J", Rf*Q) . 

1.7. The G m -equivariant case. In this subsection we explain how one 
can adapt the preceding constructions to the case when A is equipped with 
an additionnal grading, called the "internal grading". More precisely, in 
addition to the assumptions of §1.11 we assume we are given a decompo- 
sition A = ®nezA n as an O^-dg-module such that, for every n, m in Z, 
fJ-A^n <8> A m ) C An+m- We call such a data a G m -equivariant dg-algebra 
(in short: G m -dg- algebra). Geometrically, if we equip the space X with a 
trivial G m -action, such a grading indeed corresponds to a G m -equivariant 
structure. In what follows, Ox will be considered as a G m -equivariant dg- 
algebra concentrated in degree for both gradings. 



4 This subcategory is a priori smaller than the one considered in |Sp| 2.9], which allows 
more general direct limits, but it will be sufficient for us. 
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To avoid confusion, the first grading of A will be called the "cohomological 
grading". When a homogeneous element of A has cohomological degree i 
and internal degree j, we also say that it has bidegree 

We keep the assumptions (f) and (ft) of §1.31 We define as above the 
notion of G m -equivariant A-dg-module (in short: G m -^4.-dg-module) . This 
is a sheaf of bigraded ^4-modules T = nma 7J, equipped with a differ- 
ential djr of bidegree (1,0) satisfying the natural compatibility condition. 
In a similar way we define morphisms between dg-modules, and the cate- 
gories C& m (X, A), 1~L<& m (X,A), VtQ m (X, A). We also have natural bifunctors 
Hom - 4 i (E m (— , — ) and (— <Su,o m — )• More precisely if T and Q are G m -.A-dg- 
modules, then Hom^^ ( J", Q) is the complex of Z-graded abelian groups 
whose (p, q) term consists of morphisms of ^.-modules mapping Tj in Q % ^ q - 

We also define the notions of G m -equivariant K-injective and Gm-equiva- 
riant K-flat „4-dg-modules, replacing the bifunctors Hom_4(— , — ), (— ®a — ) 
by Hom^4 j(Gm (-, -), (- ®A,G m — )• H A = Ox, a G m -equivariant dg- module 
is just a direct sum of Ox-dg-modules indexed by Z. 

The proof of the following lemma is easy, and left to the reader. 

Lemma 1.7.1. A G m -equivariant Ox-dg-module Q is G m -equivariant K- 
injective (resp. K-flat) if and only if each of its internal graded components 
Q m is K-injective (resp. K-flat). 

It follows from this lemma that there are enough K-injective and K-flat 
objects in C& m {X, Ox)- Then the proofs of Theorems 1 1 . 3 . 31 and 1 1 . 3 . 61 gener al- 
ize, thus there are enough K-injective and K-flat objects in Cg, m (X, A). Then 

one constructs the derived bifunctors i?Hom_4 ) G m (— , — ) and (— (B)A,G m — )• 

Let For : C& m (X, A) — > C(X, A) denote the natural forgetful functor. The 
following lemma is clear. 

Lemma 1.7.2. For every G m - A-dg-module J 7 , there exists a G m -equivariant 
K-flat A-dg-module V and a G m -equivariant quasi-isomorphism V — > T 
such that the image For("P) — > For (J 7 ) is a K-flat resolution in C(X,A). 

By Lemma ["l.7.2( (— (£>A,G m — ) an d (— ®a~ ) correspond under the forgetful 

functors. Hence we denote both bifunctors by (— ®a~ )• 

Now we consider direct and inverse image functors. Let / : (X, A) — > 
(Y, B) a G m -equivariant morphism of dg-ringed spaces. There are functors 
(/c m )t, (/c m )*, and their derived functors 



i?(/ Gm )* : V Gm (X 7 A) -> V Gm (Y,B) and L(f G J* : V Gm (Y,B) -> V Gm (X,A). 



As above, these functors are adjoint. It follows from Lemma 11.7.21 that the 
following diagram is commutative: 



V Gm (Y,B) 



v Gm (x,A) 



V(Y, B) 



For 



Lf* 
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In order to prove the similar result for R(f& m )*, we need some prepara- 
tion. First, consider the case of Ox- Recall the notation of §1.61 



Definition 1.7.3. T € C(X,Ox) is said to be K-limp if Homo x (Q,J r ) is 
acyclic for every acyclic complex S in ^p(X). 

This notion (defined in |Sp[ 5.11]) is weaker than weak K-injectivity. 

As X is assumed to be noetherian, a direct sum of flabby sheaves on 
X is flabby ([H2, III.2.8]). Moreover, for every open U C X the functor 
T(U, —) commutes with infinite direct sums (jHH III. 2. 9]). Hence the functor 
RT(U, — ) commutes with infinite direct sums in the case of a family of Ox- 
dg-modules which are uniformly bounded below. Let us generalize this fact. 

Lemma 1.7.4. A direct sum of K-limp Ox-dg-modules is K-limp. 

Proof. Let (^Fj)jeJ be K-limp C?x-dg-modules. Let ®j e jJ r j -> I be a 



K-injective resolution, constructed as in |Sp, 3.7, 3.13]. Using |Sp[ 5.17], 
it will be sufficient to prove that for every open U C X, the morphism 
F(U, ©jej-^j) = ©jejlXfJ, Tj) — > T(U,I) is a quasi-isomorphism. We fix 
an open U, and m £ Z. We have I = l^im ^ X n where X n is a K-injective res- 
olution of T">-n(©j- e j Fj) = @j(zjT->- ri Fj. Then for N sufficiently large, 
we have an isomorphism H m (T(U,Z)) = H m {T{U,X]^)) (see the proof of 



SpJ 3.13]). But H m (T{U,l N )) ii m r(L/,0 igJ T>_^). Using the re- 
mark before the lemma, the latter is isomorphic to ©j g j R m T(U, r>_jv^})- 
For the same reason, for N sufficiently large (uniformly in j) we have 
R m T(U,T>_ N Tj) 9* R m T(U, Tj). We conclude using the fact that, as Tj 
is K-limp, by [Sp, 6.4] we have R m T(U, Tj) ^ H m (T(U, Tj)). □ 

Let / : (X, Ox) (Y, Oy) be a morphism of ringed spaces, also consid- 
ered as a morphism of G m -equivariant dg-ringed spaces. 

Corollary 1.7.5. For every family of objects (T)i£i of C(X,Ox) we have 
Rf*{(B ie j T) = © ie/ Rf*(Fi). Hence the following diagram commutes: 

V Gm (X, Ox) RifQmh ■ V Gm (Y, Oy) 

Forj | For 

V(X, Ox) — V(Y, Oy). 

Proof. The isomorphism follows from the facts that /* commutes with direct 
sums, that Rf* can be computed by means of K-limp resolutions (|Sp, 6.7]), 
and Lemma ll.7.4i Then the commutativity of the diagram follows from the 
obvious isomorphism For o fi(/ Gm ) t (J) = 0„ eZ Rf*(T n ). □ 

Let / : (X, A) — > (Y, B) be a morphism of G m -dg-ringed spaces. 
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Corollary 1.7.6. The following diagrams are commutative: 
V Gm (X, A) fi(/GmK V Gm (Y, B) V Gm (X, A) **=± V Gm (Y, B) 

For | | For For| |For 

V Gm (X,O x ) R ^tv Gm (Y,Oy), V(X,A) Rf * > V(Y,B). 

Proof. The commutativity of the second diagram follows from the commu- 
tativity of the first one and Corollaries 11.5.31 and 11.7.51 Now consider a G m - 
equivariant K-injective -A-dg- module T . By an analogue of Lemma [1.5.21 T 
is weakly K-injective as a G m -0x-dg-module. Hence its graded components 
are weakly K-injective as Ox-dg-modules. The result follows, since one can 
compute -R(/o,o m )* using K-limp resolutions of each components. □ 

Proofs similar to those of §1.51 show that if g : (Y, B) — > (Z, C) is a second 
morphism of G m -equivariant dg-algebras, one has isomorphisms 

(1.7.7) R((g o /)gJ. ~ R(g G J* o R(faJ*, L((g o /) G J* Si L(f G J* o L(g G J*. 

Remark 1.7.8. One motivation for introducing G m -dg-modules comes from 
the following situation, that will be encountered in section [2j Consider 
the dg-algebra A = So x {F), the symmetric algebra of an Ox-module J 7 , 
with trivial differential and the grading such that deg(J-") = 2. It is not 
concentrated in non-positive degrees, hence we cannot apply the construc- 
tions of § §1.3ffTT6l Now, consider A as a G m -dg-algebra, with J~ in bide- 
gree (2, —2). Let B denote the G m -dg-algebra which is also isomorphic to 
Sq x (J 7 ) as a sheaf of algebras, with trivial differential, and with T in bide- 
gree (0, —2). Then the "regrading" functor £ : T> Gm (A) T) Gm {B) defined 
by £(M)j := J^f 3 is an equivalence of categories. Using this and the fact 
that B is concentrated in non-positive degrees, all the constructions and 
results obtained in §1.71 can be transfered to A. 



1.8. Dg-schemes and dg-sheaves. In this subsection we define dg-sche- 
mes, following |CK] (with some modifications according to our purposes). 

Definition 1.8.1. A dg-scheme is a dg-ringed space X = (X ,O' x ) where 
X° is a scheme and 0' x is a sheaf of non-positively graded, graded-commuta- 
tive dg-algebras on X°, such that each O x is a quasi-coherent O^o-module. 

A morphism of dg-schemes f : X — > Y is a morphism of dg-ringed spaces 
f:(X,O x )^(Y,Oy) (see gL5]). 

We denote by DGSh(X) the full subcategory] of V(X°, O x ) whose objects 
are the dg-modules J- such that each H 1 ^) is a quasi-coherent O^o-module, 
and by DGCoh(A) the full subcategory of DGSh(X) whose objects are the 
dg-modules J- whose cohomology H^J 7 ) is locally finitely generated over 
H(O x ). 



^It is not clear from this definition that DGSh(X) is a triangulated subcategory. In fact 
it is the case under reasonable conditions. In this paper we essentially consider coherent 
dg-sheaves over bounded dg-algebras, hence this point will not be a problem. 
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Remark 1.8.2. (i) If X is an ordinary scheme (i.e. 0\ = O x o and O x = 
for i 7^ 0) which is quasi-compact and separated, DGSh(X) is equivalent to 
the derived category of QCoh(X) ((BNJ 5.5]). If moreover X is noetherian, 
then DGCoh(X) is equivalent to the bounded derived category of Coh(X) 
f |SGA6l 11.2.2.2.10). 

(ii) If / : X — > Y is a morphism of dg-schemes, then it induces functors 
RU ■ V(X ,O' x ) -> V(Y°,0' Y ) and Lf* : V(Y ,O Y ) -> V(X ,O' x ). It is 
not clear in general if these functors restrict to functors between DGSh(X) 
and DGSh(Y), or between DGCoh(X) and DGCoh(y). It will always be 
the case in this paper; we will prove it in each particular cas^. 

Recall that if / : X — > Y is a quasi-isomorphism, then Rf* and Lf* are 
equivalences (Proposition II. 5U]) . Moreover, if g : Y — > Z is a morphism of 
dg-schemes, by Corollary 1 1 . 5 . 3 1 and Proposition II .5.^1 we have isomorphisms 
R(g o /)„ ^ Rg* o Rf* and L(g o /)* ^ Lf* o L^*. Hence the functors 
Rg* and Lg* restrict to functors between DGSh(Y) and DGSh(Z) (or be- 
tween DGCoh(y) and DGCoh(Z)) iff the functors R(g o /)„ and L(g o /)* 
restrict to functors between DGSh(X) and DGSh(Z) (or DGCoh(X) and 
DGCoh(Z)). These properties allows one to replace a given dg-scheme by a 
quasi- isomorphic one when convenient. Hence we will consider dg-schemes 
only "up to quasi-isomorphism". 

As a typical example, we define the derived intersection as follows. Con- 
sider a scheme X, and two closed subschemes Y and Z. Let i : Y X 
and j : Z <-)■ X be the closed embeddings. Consider the sheaf of dg- 

L 

algebras i*Oy ®o x 3*®z on A". It is defined up to quasi-isomorphism: if 
Ay — > i*Oy and Az — > j*Oz are quasi-isomorphisms of non-positively 
graded, graded-commutative sheaves of dg-algebras on X, with Ay and Az 

L 

quasi-coherent and K-flat over Ox, then i*Oy ®o x 3*®z is quasi-isomorphic 
to Ay ®o x 3*®z, or to i*Gy ®o x Az, or to Ay ®o x Az- 

Definition 1.8.3. The right derived intersection of Y and Z in X "is" 

Yh x Z := {X, i*Oy®o x 3*Oz), 
a dg-scheme considered up to quasi-isomorphism. 

Remark 1.8.4. Keep the notation as above. The sheaf of dg-algebras Ay®o x 
j*Oz is isomorphic to j*(j*Ay), hence the functor ]\ : C(Z,j*Ay) — >• 
C(X,Ay ®o x 3*Oz) is an equivalence of categories. As a consequence, we 

have an equivalence DGCoh(Z, fAy) = DGCoh(y n x Z). 

2. Linear Koszul duality 

Usual Koszul duality ( [BGGl IBGSj IGKMj ) relates modules over the sym- 
metric algebra S(V) of a vector space V and modules over the exterior 



; See also [Bo] VI.2.B] for a more elementary proof, following Bernstein and Deligne. 
See [MRi2] for other remarks on this question. 
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algebra A(V*) of the dual vector space. In this section we give a relative 
version of this duality, and a geometric interpretation in terms of derived 
intersections (due to I. Mirkovic). Our approach is similar to that of [GKMJ. 

2.1. Reminder on Koszul duality, fix a scheme (X, Ox)- Let J 7 be a 
locally free sheaf of finite rank over X. We denote by 

S:=S 0x (7- v ) 

the symmetric algebra of J-~ v := Homo x (J 7 , Ox) over Ox, considered as a 
sheaf of dg-algebras with trivial differential, and with the grading such that 
J-" v is in degree 2. Similarly, we denote by 

T:=A 0x (T) 

the exterior algebra of J 7 , a sheaf of dg-algebras with trivial differential and 
the grading such that T is in degree —1. For the categories of dg-modules 
over these dg-algebras, we use the notation of section [TJ Let C + (<S) be 
the category of bounded below 5-dg-modules. We define similarly C + (T), 
H + (S), H + (T), V + (S) and T> + (T) using the usual procedures. 
Following ( I K \J j • we define the functor 

at : C + {S)^C + {T) 

by setting df(M) := Hom 0x {T,M) = T v ®o x M, where the T-module 
structure is given by the formula (t • <p)(s) = (-l) dc g(*)( dc g(*)+ 1 )/ 2 0(t«) and 
the differential is the sum of di and d 2 , where di(0)(t) = (-l) des ® d M ((f>(t)) , 
and c?2 is defined as follows. Consider the canonical morphism Ox — > 
Homo x (J 7 , J 7 ) = J 7 ®o x *^ V - Then d 2 is the opposite of the composition 

T v ®o x M^T V ®o x T ®o x F v ®o x M T v ®o x M 

where ajr is the action T v ®o x «M — > M. and (3 is the (right) action of T 
on T v which is the transpose of left multiplication. If t is a local section 
of T in a neighborhood of x, with {y{\ a basis of T x as Ox^-module and 
{y*} the dual basis of (J 7V ) X , we have d2(4>)(t) = — Y^i Ui^il/it)- One easily 
checks that d\ + d 2 is a differential, and that srf (At) is a T-dg-module. 
We also define the functor 

^:C+(T) ^C + (S) 

by setting 3${M) := 5 £?>e> x A/ - , where the 5-module structure is by left 
multiplication and the differential is the sum d$ + d±, where ^3(5 ® n) = 
s <8> dj\f(n) and is the composition 5 <8>o x ftf S ®o x F v ®o x J 7 ®o x 
N — >• <S <S>e> x A/". With the same notation as above, we have ^4(5 ® m) = 
s Vi ® Vi n - One again easily checks that d% + d± is a differential, and that 
33(N) is a 5-dg-module. 

Taking the stalks at a point and using spectral sequence arguments (see 
[GKM, 9.1]), one proves that s& and 8$ send quasi- isomorphisms to quasi- 
isomorphisms, and hence define functors 

si : V + {S) -> 2? + (T) and # : X>+(T) -»• £> + (S). 
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Theorem 2.1.1. The functors si and S3 are equivalences of categories be- 
tween T> + {S) andT> + (T), quasi-inverse to each other. 

To prove this theorem, one constructs morphisms of functors Id — > si oS$, 
3$ o si — > Id as in [GKM1 section 16]. To prove that they are isomorphisms, 
it suffices to look at the stalks. Then the proof of [GKM] works similarly. 

2.2. Restriction to certain subcategories. Now we assume that X is a 
non-singular algebraic variety over an algebraically closed field k. If .A is a 
dg-algebra on X, we denote by V qc (A), resp. T> qc,fe (A) the full subcategory 
of T>(A) consisting of dg-modules whose cohomology is Ox-quasi-coherent, 
resp. whose cohomology is Ox-quasi-coherent and locally finitely generated 
over the sheaf of algebras H(A). Similarly we define V + ' qc (A), V + ' qc ' is (A), 
and bigraded analogues. Let J 7 , S, T be as in §2.11 

Lemma 2.2.1. The equivalences si and SS restrict to equivalences between 
the categories D+> qc > f s(«S) and £> + > qc ' fg (T). 

Proof. First, si and £$ restrict to equivalences V +,qc (S) = T> +,qc (T). In- 
deed, we only have to prove that si and S$ map these subcategories one into 
each other; but this is clear from the existence of the spectral sequences (of 
sheaves) analogous to the ones of [G KM} 9.1]. 

Now we have to prove that si maps P + ' qc ' fg (5) into V +,qc ' g (T), and that 
SB maps P+' qc ' f s(T) into £> + ' qc,fg (S). Let us consider S3. Let M be an object 
of £>+< qc < f s(T). Then 3B(M) G £> + ' qc (S). Moreover, for any x £ X, the S x - 
dg-module 8$(M) X has finitely generated cohomology. Indeed, H(M X ) is 
finitely generated over Ox,x (because it is finitely generated over T x , which 
is a finitely generated Ox,x-rnodule). Thus, the E'l-term of the spectral 
sequence analogous to |GKMl 9.1.4] is finitely generated over S x . The result 
follows since S x is a noetherian ring. 

Concerning si, again taking stalks, one can use the arguments of [GKM, 
16.7]. (Since X is non-singular, Ox,x has finite homological dimension.) □ 

The inclusion C+(T) C C(T) induces a functor V+' qc '^(T) -► £> qc ' fg (T). 
Recall the definition of the functors r>„ given just before Theorem 11.3.61 

Lemma 2.2.2. The functor £>+' qc ' fg (T) -)■ £> qc - fg (T) is an equivalence. 

Proof. We only have to prove that for every T-dg-module M whose cohomol- 
ogy is locally finitely generated, there exists a bounded below T-dg-module 

JV 7 and a quasi- isomorphism J\f ^—^ J\f'. Now the cohomology of M is 
bounded. If H l (J\f) = for % < n, we may take N' = r> n J\f. □ 

Remark 2.2.3. We cannot use such an argument for S, and we do not know 
if the natural functor 2? + ' qc ' fg (5) — y T> qc ^ s (S) is an equivalence. 

Combining Lemmas 12.2.11 and \2.2.2\ one gets an equivalence of categories 

T>+*p&(X,S) V qc ' is (X,T). 

Now we give a geometric interpretation of this equivalence. 
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2.3. Linear Koszul Duality. Let E be a vector bundle over X (of finite 
rank), F C E a sub-bundle, and p : E — > X the natural projection. Let £ 
and J 7 be the sheaves of sections of E and i 7 . (These are locally free Ox- 
modules of finite rank.) Let E* be the vector bundle dual to E, F 1 - C E* 
the orthogonal of F (a sub-bundle of E*), and q : E* —> X the projection. 
We define an action of G m on E and F, letting t £ k x act by multiplication 
by t 2 on the fibers. This induces a dual action on E* and F^. We denote 
by S and T the following G m -dg-algebras with trivial differential: 

S ■= S 0x (^ V ) with J" v in bidegree (2, -2) 
T := Ao x (J r ) with T in bidegree (—1, 2). 

Bigraded analogues of the constructions of § ^2.11 [2721 yield an equivalence 
(2.3.1) V^ C 'HX,S)^V^(X,T), 

where T>^ (X, S) is the derived category of G m -5-dg-modules which are 
bounded below for the cohomological degree (uniformly in the internal de- 
gree), and V+'2 c,ig {X,S), V^ e (X,T) are defined as in 32721 

Lemma 2.3.2. There exists a natural equivalence of categories 

(2.3.3) V b Coh{E) V^{X,S 0x {£ y )), 

where Sq x {£ w ) * s a dg-algebra in degree 0, with trivial differential. Similarly, 
if Sq x {£ W ) is considered as a G m -dg- algebra with in bidegree (0, — 2) ? 

(2.3.4) V b C6h Gm (E) = V^{X, S 0x (£ V ))- 

Proof. We only give the proof of ([27373]) . Let QCohpf, S Qx (£ v )) be the 
category of modules over So x (£ v ) which are Ox-quasi-coherent, and let 
Coh(X, Sq x (£ v )) be the full subcategory whose objects are locally finitely 
generated over So x (£ y ). First, induces equivalences ( [EGA Ii] 1.4.3]): 

QCoh(£) ^> QCoh(X, S 0x (£ v )), Coh(£) ^ Coh(X, S 0x (£ v ))- 

By arguments similar to those of [Bo, VI. 2. 11], V b Coh.(X, Sq x (£ v )) identi- 
fies with the full subcategory of T> b QCoh(X, Sq x (£ v )) whose objects have 
their cohomology sheaves in Coh(X, So x {£ v ))- Now, by a theorem of Bern- 
stein ([BoJ VI.2.10]), £> 6 QCoh(X, S 0x (£ v )) is equivalent to the full subcate- 
gory of V b Mod(X, S Qx (£ v )) (the bounded derived category of all S 0x (£ v )- 
modules) whose objects have quasi-coherent cohomology. Hence T> b Coh(E) 
is equivalent to the full subcategory of V b Mod(X, Sq x {£ v )) whose objects 
have their cohomology in Coh(X, Sq x (£ v ))- Then (12. 3, 3ft is clear. □ 

Let us now introduce the following G m -dg-algebra with trivial differential: 

K := S Gx (F v ) with J" v in bidegree (0, -2). 

We have equivalences of categories ( "regrading" ) : 

e : C Gm (X,S) ^ C Gm (X,K), e : T> Gm (X,S) ^ V Gm (X,K) 
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sending the 5-dg-module M to the 7£-dg-module defined by £(M)* := Mj~ J 
(with the same action of Sq x (F v ), and the same differential). Composing 
f with the inclusion £>JJ' fg (X, S) ^ V^ g (X,S) and using (pX3D applied 
to F, we obtain a functor 

(2.3.5) V^ C,ig (X,S) -+ P fe Coh Gm (F). 

Hence we consider P+^ c ' fg (X, S) as a graded version of T> b C6h(F), and put 

(2.3.6) DGCoh gr (F) := P+^ c ' fg (X, S). 
Note that there exists a natural forgetful functor 

(2.3.7) For : DGCoh gr (F) -> £> fe Coh(F), 

the composition of (12. 3. 5ft with the forgetful functor from X^Coh 6 " 1 (F) to 
T> b Coh(F) or, equivalently, the composition 

^G„ C ' fS ( X ' 5 ) ->• ^G ra fg ( X ' 5 ) - P G m fg ( X ^) -> ^ qC ' fg (^,^) P b Coh(F). 

Consider the dg-scheme F ± f)E*X. As modules over q*C>E* = So x (£), 
we have q*0 F ± = Sq x {£) / {F ■ So x {£))- Hence there is a Koszul resolution 

So x {£) ®o x A 0x (F) ^ Sa x (£)/(F ■ S 0x (S)), 



where the generators of Aq x (F) are in degree — 1 . Using Remark ll.8.4( we 

deduce an equivalence of categories DGCoh(F ± n E * X) ^ V^(X,T). We 
are also interested in the "graded version" 



(2.3.8) DGCoh gr (F x (Vx) := V^ S (X,T). 
By definition we have a natural forgetful functor 

(2.3.9) For : DGCoh^F 1 F\ E * X) -> DGCoh(F ± He* X). 

Finally, with notations ()2.3.6j) and ()2.3.8|) . equivalence (|2.3.ip becomes: 

Theorem 2.3.10. The functors and SB of Q2.1\ induce an equivalence of 
categories, called linear Koszul duality, 

DGCoh gr (F) DGCoh^^n^X). 

Finally we have constructed the following diagram, which allows to relate 
(dg-)sheaves on F and on F 1 - He* X: 

DGCoh gr (F) - |2 ~ lQ| - DGCoh gr (i^ n E * X) 



For For| 

R 



V b Coh{F) DGCoh(F ± C\ E * X) . 
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2.4. Linear Koszul duality and base change. Let X, Y be non-singular 
varieties, and ir : X — > Y a flat and proper morphism. Let E be a vector 
bundle over Y, F C E a sub-bundle, and £, J 7 their sheaves of sections. 
Consider the vector bundles Ex '■= E xy X, Fx '■= F Xyl over X: their 
sheaves of sections are ir*£ and ir*^ ( [EGA II] 1.7.11]). Let irp : Fx — > F 
be the morphism induced by ir. We consider the following G m -dg-algebras 
with trivial differential: 

S Y ■= S 0y {F v ), S x := S 0x (tt*F v ), with F v in bidegree (2, -2); 
TZ Y := S 0y (F v ), Tlx ■= S 0x (TT*F y ), with F y in bidegree (0, -2); 
7y := A^J"), 7x := Ao x (vr*J r ), with T in bidegree (-1,2). 



In this situation we have two Koszul dualities (see Theorem 12.3. lOj) : k,x 
on X and Ky on 7. In this subsection we construct functors fitting in the 
following diagram, and prove some compatibility results: 



(2.4.1) 



DGCoh gr (F x ) 



«(*G m ). 



DGCoh^ He* X 



L (*G m )* 
■R(*G m )* 



DGCoh gr (F) 



DGCohs r (F ± n s * y). 



£(*G m )* 

Recall that, by definition, 

DGCoh gr (F ± f\ E . Y) - ^ c m fg (F, 7H DGCohS''(Fi n Bi X) - V^(X, T x ). 

The morphism 7r induces a morphism of G m -equivariant dg-ringed spaces 
■ft : (X, 73c) - > (Y,Ty)- In £ )1.7I we have constructed functors 



-R(7I"G m )* 



XX, Tx) -»• ©G m (y Ty), i(7T6 m )' 



As vr*(7y) — 73c, tt* is simply 7r*, and similarly for the 
following diagram is commutative: 



(Y,Ty) ^V Gm {X,Tx). 
-analogues, i.e. the 



(*G m )* 



k m )* 



- c G m (X,Tx) 

| For 

' C&miX, Ox)- 



C Gm (Y,Ty)- 

For | 
CG m (Y,Oy) 

As 7r is flat, (vi"(G m )* is exact, and the similar diagram of derived categories 
also commutes. As Aq y (T) is locally finitely generated over Oy, a Aq y (F)- 
module is locally finitely generated iff it is locally finitely generated over 
Oy. The same is true for Ao x (ir*F). Hence L(tt)* and L(ff^, m )* restrict to 
functors making the following diagram commute: 



DGCoh^i^fV Y) 
For J 

DGCoh(F- L n E *Y)- 



L (*G m )* 



DGCoh^i^n^A) 

J, For 

-DGCoh(i^rWx). 
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We have seen in §1.71 that the following diagrams are commutative: 
V Gm (X, Tx) V Gm (Y, Ty) V(X, Tx) V(Y, Ty) 

For | | For Forj |For 

V(X, Tx) * V(Y, Ty), V(X, O x ) V(Y, Oy). 

As 7r is proper, as above the functors R(7r)* and R(n& m )* restrict to functors 
between the full subcategories whose objects have quasi-coherent, locally 
finitely generated cohomology. Moreover, the following diagram commutes: 

DGCoh gr (F^ n E * x X) DGCohe r (F ± C\ E * Y) 

Fori For 



4 

DGCoh(FjL C\ E « x X) — DGCoh(F ± IS E . Y). 

As a step towards the categories DGCoh gr (F) and DGCoh gr (i ? x), we now 
study V^ ,fg (X, Sx) and T>^ ,fg (Y, Sy). The morphism tt induces a morphism 
of G m -equivariant dg-ringed spaces tt : (X, Sx) — > (Y,Sy). By Remark [1.7.8| 
the following derived functors are well defined: 

i?(7r Gm )* : P Gm (X,5x) P Gm (^5y), L(n G J* : V Gm (Y,S Y ) -> P Gm (X,5 x ). 

As above, we show that these functors restrict to appropriate subcategories, 
and that the natural diagrams commute. 

As TT*Sy = Sx, the functor (vro m )* is exact, and corresponds to tt* : 
V(Y,Oy) — > T>(X,Ox) under the forgetful functor. Hence it restricts to a 
functor V^ g (Y,S Y ) -> V^ g (X,S x ). Moreover, the following dia gram is 
clearly commutative (see (|2.3.4p for the vertical arrows): 
(2.4.2) 

V^(Y, Ky) V^(Y, Syf^V^HX, S x ) V^(X, K x ) 

1 L l l 

£> b Coh Gm (F) — — V b Coh(F) L{np) > V b Coh{F x ) -«-=— V b Coh Gm (F x ) 



Now, consider the functor R(TT& m )*. If T is in T>^^ g (X, Sx), then £,x{T) 
is in V^ g (X,K x ), and Foro£ x (F) in m^{X,H x ) = V b Coh{F x ) (see 
()2.3.3p ). Hence, as up is proper, R(ttf)* o For o £jf (J 7 ) is in V b Coh.(F). But 
this object coincides by construction with the object For o £ Y o -R^Gm)*-? 7 
of V(Y,lZy). Hence R(TT& m )*T belongs to the subcategory V^ g (Y, Sy) 
of T>Q m (Y,Sy). This proves that R(TTQ m )* restricts to a functor between 
V^^ g (X, Sx) and V^^ g (Y, Sy ), and also that the analogue of diagram 
(|2.4.2jl for R(7T& m )* and R(tt e )* commutes. 

Let us now extend these results to bounded below G m -dg- modules. 
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Lemma 2.4.3. The functors 

(*SJ- : cL(x,s x ) -> c+ m (y,5 r ), (tt+J* : c+ m (y,5y) -+ C+JX,S X ) 

admit a right, resp. left, derived functor. The following diagrams commute: 

p+ m (x, s x ) ©+ m (y, 5 y ) p+ m (y ; 5y ) p+ m (X, s x ) 

\ \ \ ~ \ 

V Gm (X,S x ) R -^t V Gm (Y,S Y ), V Gm (Y,S Y ) L -^l V Gm (X,S x ). 

Proof. The case of the inverse image is easy, and left to the reader. We have 
to show that the functor (tt g )* admits a right derived functor. But each ob- 
ject M. € Cq (So x (7T*J rV )) admits a right resolution Z € (Soxi 7 ^*^)) 
all of whose components T % - are flabby (which can be constructed e.g. using 
the Godement resolution, see [Gj II. 4. 3]). This dg-module T is (Hq )# -split, 
hence the derived functor is defined at A4. The commutation of the diagram 
follows from this construction and Corollary 11.7.61 □ 

Corollary 2.4.4. The functors R{tt g )* and L{tt^ )* restrict to the subcat- 
egories whose objects have quasi- coherent, locally finitely generated cohomol- 
ogy. Moreover, recalling (j 2 . 3 . 6 h . (|2.3.7p . the following diagrams commute: 

R(*g )* l (*g )* 

DGCoh gr (F x ) — ^ DGCoh gr (F) DGCoh gr (F) —5- DGCoh gr (F x ) 



For | | For Forj |For 

V b Co\i{F x ) y V b Coh{F), V h Coh{F) ? V b Coh{F x ] 



Because of these results, we will not write the superscript "+" anymore. 
Proposition 2.4.5. Consider diagram (|2.4.ip . There are isomorphisms 

R(lt& m )*°K X = KY°R(TT Gm )*, 

L(Tr Gm )*o KY = k x o L(n Gm )*. 

Proof. The second isomorphism is easy, and left to the reader. The first one 
can be proved just like |Hll II.5.6] . More precisely, let M be an object of 
DGCoh gr (F x ), with flabby components. Then k y °R(jr Gm )*(M) = Ty ®o Y 
tt*M. Next, by the projection formula ([H2l ex. II. 5.1]), (7y) V ®o Y k*M = 
ft*(Tx ®o x -M)- Finally, as Rir* = For o i?(7rc m )#, one has a natural mor- 
phism 7T* (Jx ®O x M ) — > R(TT& m ) * (7y ®o x At) . This defines a morphism of 
functors Ky °R(^G m )* R(^G m )*° K X ■ To show that it is an isomorphism, 
as the question is local over Y, we can assume T is free; then it is clear. □ 



2.5. Linear Koszul duality and sub-bundles. Consider the following 
situation: F\ C F2 C E are vector bundles over the non-singular variety X. 
Let T\ and T2 be the sheaves of sections of Fx, Fi- We define as above the 
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G m -equivariant dg-algebras with trivial differential: 

St := S 0x (J 7 ?), S 2 := S Gx (F%), with j; v in bidegree (2, -2), 
Tlx ■= So x (^i), n i SoxiJ 7 ^), with in bidegree (0, -2), 
T\ := Ao x (Ji), % := Aoxi^), with Fi in bidegree (—1,2). 

We have two Koszul dualities (see Theorem l2.3.10p : k\ for the choice F = F\, 
and k>2 for F = F 2 . We will study the compatibility as in §2.41 

The inclusion / : F\ — > F% induces morphisms JF\ '—t Fi and J 7 ^ -» T)[ . 
Let g : (X, 7i) — > {X,7~i) be the natural morphism of G m -dg-ringed spaces. 

Let us consider the categories DGCoh^i 7 ^ He* X). We have functors 

R(g G J* : V G JX,T 2 ) -> 2? Gm (X,Ti), L(sgJ* : Z?G m (*,7I) -> P Gm (X,T 2 ). 

The functor R(gG m )* is the restriction of scalars, and L(g& m )* is the functor 
h-> Ao x (J^) ®Ac> x (J"i) -M- Both are induced by exact functors on abelian 
categories. They clearly preserve the conditions "qc,fg", hence induce func- 
tors making the following diagram commute: 

DGCoh gr (i ? 2" r\ E * X) I DGCohs r (F i L n E * X) 

Fori I For 

DGCoh(F 2 ± n E * X) ' DGCoh(F 1 ± C\ E * X). 

Lg* 

Now, consider the categories DgM g (X, Si). We have a morphism of Gm- 
dg-ringed spaces / : (X,S{) -> (^,<S 2 ) and functors i?(/c m )*, L(f Gm )* (see 
again Remark |1.7.8p . Easy arguments show that -R(/<G m )* restricts to the 
subcategories whose objects have quasi-coherent, locally finitely generated 
cohomology, and that the following diagram commutes: 
(2.5.1) 

v^(x, n x ) v^(x, 5l ) — p£ s (x, -4- ^ c j g (*, 5 2 ) 

P 6 Coh Gm (Fi) Z> 6 Coh(Fi) — ^— P b Coh(F 2 ) P fe Coh Gra (F 2 ). 



The functor -^(/c m )* is given by .M i— > <Si<S>s 2 .A/f . Arguments similar to those 
for i?(7TG m )* in £12,41 show that L(f& m )* induces a functor from T>^^ g (X, S2) 

to V^^ e (X, Si) and that the diagram analogous to (|2.5.1I) commutes. 
Lemma 2.5.2. The functors 
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admit a right, resp. left, derived functor. The following diagrams commute: 

^ ~ ^ ^ ~ ^ 

v Gm (x,s 1 )^tv Gm (x,s 2 ), V Gm (X,S 2 ) ^Iv^iXM. 

Proof. The case of the direct image is easy, and left to the reader. We define 
T := T\ © T 2 , and denote by S the G m -dg-algebra S := So x {F y ), with 
trivial differential and T y in bidegree (2, —2). Recall that (/^ )* is the 
tensor product M. >->■ S\ ®$ 2 Ad. Here S\ is considered as a 5i-52-bimodule; 
we can also consider it as a module over S\ ®o x <^2 — S. Now the natural 
morphism S — > S\ is induced by the transpose of the diagonal embedding 
T\ T . Hence, if we denote by Q the orthogonal of the image of T\ in this 

embedding, we have a (bounded below) Koszul resolution S®o x ^Oz (9) 
S\. The first dg-module is K-flat over 52- Thus the tensor product with this 
dg-module defines a functor L(f+J* : V+JX,S 2 ) -)■ V+jX,Sx). The 
commutativity of the diagram is obvious. □ 

Corollary 2.5.3. The functors R{/q )* and L(f^ )* restrict to the sub- 
categories whose objects have quasi- coherent, locally finitely generated coho- 
mology. Moreover, the following diagrams are commutative: 

DGCohs r (Fi) DG(W(F 2 ) DGCohs r (F 2 ) DGCW r (Fi) 



For | | For Forj jFor 

P b Coh(Fi) Rf * * V b Coh(F 2 ) V h Coh{F 2 ) Lf * > V b Coh(F 1 



As in §2.41 from now on we will not write the superscript "+" anymore. 
Now we study compatibility. We assume that Ti is of constant rank rii 
(i = 1, 2). Consider the line bundles Li := Sf^ {Ti). One has isomorphisms 
A-Ti^-jy ®o x AM, induced by 

\ 4® it ^ (_i)iO'+i)/2 f . Au 

Under ipi, the action of % by left multiplication corresponds to the action on 
the dual defined as in jgU ^i{st){u) = (-l) de s( s )( de s( s )+ 1 )/ 2 V'i(t)(su). We 
denote by (1) the shift in the G m -grading defined by (M(l)) n = M n _i, and 
by (j) its j-th power. This functor corresponds to the tensor product with 
the one-dimensional G m -module corresponding to Idc m . Taking the Cm- 
structure into account, becomes an isomorphism % = ®o x A[ n i](2rtj}. 
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Proposition 2.5.4. Consider the diagram 

DGCW r (Fi) »- DGCoh gr (F 2 ) 

I L(k m y* i 



„ £(ffG m )* 

DGCoh 81 ^ n B * X) i DGCoh^i^- n B . X). 

There are natural isomorphisms of functors 
j KioL(f Gm )* = R(g Gm )*on 2 , 

\ k 2 o i?(/ Gm ), = {L(g Gm )* o Kl ) ® 0x £ x ® 0x /^[m - n 2 ](2n 1 - 2n 2 ). 

Proof. Let us first prove the first isomorphism, or rather an isomorphism 
i(/Go)* ° ( K 2) _1 — R(.9Gm)*- Recall the notation J", 5 and f? 

introduced in the proof of Lemma 12X21 Let M G T>GCoh gr {F^ He* X), 
assumed to be bounded below (Lemma l2.2.2p . Then {k{)~ 1 oR{g Gm )*{N) = 
Si ®o x where M is considered as a 7i-dg-module. On the other hand, 

L(j Gm Yo(K 2 )-\N) - L(f G J*(S 2 ®o x AT) 

(«S (g>o x A(<?)) ®s 2 (S 2 ®o x N) ^ {S® Qx K{g))®o x M. 

Hence there is a natural morphism L(f Gm )* o (^2) 1 — > 1 R(9G m )*> 
induced by 5 ®o x A-(G) — > Si. We want to prove that it is an isomorphism. 
Using the exact sequence of dg-modules lm(dj\f) > M -» M /Im(d^) we 
can assume, in addition, that M has trivial differential. (The dg-modules 
Im(djv')) M/Jm(dj\f) may not have quasi-coherent, locally finitely generated 
cohomology, but we will not need this assumption.) 

Set V := S®o x A (£7). ^ * s a K-flat Ox-dg-module, as well as «Si, and V — > 
Si is a quasi-isomorphism. We want to prove that the morphism V®o x N —> 
Si <8>e> x M is a quasi-isomorphism, too. One can consider V ®o x -A/" as the 
total complex of the double complex with (p, g)-term 'P' ?+2p <S>e> x N~~ p ', with 
first differential the Koszul differential, and second differential d-p ® Id. The 
first grading of this double complex is bounded above, hence the associated 
first spectral sequence ([G]) converges. The same is true for Si ®o x A/" (in 
this case the second differential is trivial). Hence we can forget about the 
Koszul differentials. Then the result follows from Lemma 11.3.41 

Let us now prove the second isomorphism. For A4 in DGCoh gr (i ? i), we 
have K 2 oR(f Gln )*(M) = T 2 V ®o x M (J 2 ®o x M) ®o x C 2 l [-n 2 ]{-2n 2 ) . 
On the other hand, we have L(g Gm )* o Ki(M) = T 2 ®Ti O'i ®o x M), which, 
using the same remarks, is isomorphic to the dg-module T 2 ®o x -M. ®o x 
Ci 1 [—ni](—2ni). This concludes the proof. □ 

3. Localization for restricted 0-modules 
In this section we prove localization theorems for restricted Wg-modules. 
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3.1. Notation and introduction. Let k be an algebraically closed field 
of characteristic p > 0. Let R be a root system, and G the corresponding 
connected, semi-simple, simply-connected algebraic group over k. Let h be 
the Coxeter number of G. In the whole paper we assume that 

p > h. 

Let B be a Borel subgroup of G, T C B a maximal torus, U the unipotent 
radical of B, B + the Borel subgroup opposite to B, and U + its unipotent 
radical. Let g, b, t, n, b + , n + be their respective Lie algebras. Let R + C R 
be the positive roots, chosen as the roots in n + , and be the corresponding 
set of simple roots. We denote by U a C G the one-parameter subgroup 
corresponding to the root a. Let B := G/B be the flag variety of G, and 
M := T*B its cotangent bundle. We have the geometric description 

Af={(X,gB) eg* xB\X lg . b = 0}. 

We also introduce the "extended cotangent bundle" 

g:={(X,gB) €g* xB\X ]g . n = 0}. 

Let b, denote the "abstract" Cartan subalgebra of g, isomorphic to bo/ [bo, bo] 
for any Borel subalgebra bo of g. The Lie algebras t and f) are naturally 
isomorphic, via the morphism t —> b/n = t). 

For each positive root a, we choose isomorphisms of algebraic groups u a : 
k ^> U a and U- a : k ^> U— a such that for t € T, t ■ u a (x) • t^ 1 = u a (a(t)x) 
and t • U- a (x) ■ t~ l = u_ a (a(t)~ 1 x), and such that these morphisms extend 
to a morphism of algebraic groups ip a : SL(2,k) — > G such that 

We define the elements e a '■= d(u a )o(l), e_ Q := d(«_ a )o(l), h a := [e Q ,e_ a ]. 

Let Y := ZR be the root latice of R, and X := X*(T) the weight lattice. 
Let W be the Weyl group of (G,T), := W X Y the affine Weyl group, 
and := W x X the extended affine Weyl group. We let t denote the 
length function of W and (for our choice of R + ); it extends canonically 
t° ^Iff (IlMl §!])• Let p G X be the half sum of the positive roots, and 

C := {A G X | Va € < (A + p, a v ) < p}, 

the set of integral weights in the fundamental alcove (which contains 0) . We 
consider the action of on X defined by w • A = w(X + p) — p. Denote 
by L(X), Ind^(A) the simple and induced G-modules with highest weight A. 

Let us apply the results of section [2] in the following situation: X = B^\ 
the Frobenius twis1@ of B, E = (g* x B)W, and F = Kf^ C (g* x BjW. 
Let 7^(i) denote the tangent bundle to B^ ; T^ {1) is the sheaf of sections of 
M {1 \ Under our hypothesis p > h, there exists a G-equivariant isomorphism 



8 See |BMR1 1.1.1] for Frobenius twists. 
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g* = g, which induces an isomorphism E = E* . Under this isomorphism, 
(AfW) 1 identifies with jW. By Theorem E3ZEU1 we obtain a Koszul duality 

(3.1.1) k b : DGCoh^CAfW) ^> DGCoh gr ((fln B * xB B) (1) ). 

This equivalence is given by the following formula, for M in DGCoh gr (.A/'W): 
k b {M) = (A(7^ 1) )) v ®o (1) M. We have an isomorphism A to P(7^ (1) ) = 
B( i)(-2p). Hence we have (A(7^ (1) )) v = A(T B V (1) ) ® O bW (2p)[-N](-2N), 
where N = rk(7 g v (1) ) = #R + . It follows that, for M in DGCoh gr (.A/W), 

(3.1.2) « fl (.M) = A(T B V (1) ) ®>f ® B( i)(2p) [-iV] (-2AT). 

In section [2] (see e.g. equation (|2.3.8[> ) we have used the realization 

(3.1.3) DGCoh((0rV xB £)«) = V^(B^,Ao B{1) (T^ w )), 

where Kq (1) (71 v (1) ) has trivial differential, and is in degree —1. Con- 
sider the embeddings i : g^ ^ (g* x j : B^ ^ (g* x 
The realization f)3. 1 .3j) was constructed using a resolution of i*0~(i) over 
C(g*xB)(!)- We can obtain another realization using the Koszul resolution 

C( g , xB )(i) ®k A(g^)) -5^> which we will rather use from now on. 

More precisely, using Remark 11.8.41 we have: 

Proposition 3.1.4. There exists an equivalence of triangulated categories 

DGCoh((gn rxB 0)( 1 )) - V^(gW,O~ w k A(g^)) 

where Og(i) 0k A^ 1 -*) is a dg-algebra with the generators of A(gW) in degree 
— 1, equipped with a Koszul differential. 

3.2. Review of |BMR1 IBMR2j . If A" is a variety, and Y C X a closed 
subscheme, one says that an Ox-module T is supported on Y if T\x-y = 0. 
If T is coherent, this is equivalent to requiring that the ideal of definition 
Xy C Ox of Y acts nilpotently. We write Cohy(X) for the full subcategory 
of Coh(X) whose objects are supported on Y . 

If P C G is a parabolic subgroup containing i?, p its Lie algebra, p u 
the nilpotent radical of p, and V = G/P the corresponding flag variety, we 
consider the following analogue of the variety g: 

g v :={(X,gP) Gg* xV\X lg . p u=0}. 

In particular, gg = g. The morphism ttj> : B — > V induces a morphism 

(3.2.1) : g ->• 0>. 

In this situation, we also denote by Wp C W the Weyl group of P. If a G 
and P a is the minimal parabolic subgroup containing B associated to a, we 
simplify the notation by setting g a := g G /p a , K a := n G / Pa . 

Let 3 be the center of Ug, the enveloping algebra of g. The subalgebra 
of G-invariants 3hc := (Mq) G is central in Ug. This is the "Harish-Chandra 
part" of the center, isomorphic to S(t)( W '*\ the algebra of VK-invariants in 
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the symmetric algebra of t, for the dot-action. The center 3 also has an 
other part, the "Frobenius part" 3Fr, which is generated as an algebra by 
the elements X p — for X G g. It is isomorphic to S^g^ 1 )), the functions 
on Q*^\ Under our assumption p > h, there is an isomorphism (see [MR]): 

3hc ®3F r n3 H c 3ft ^ 3- 

Hence a character of 3 is given by a "compatible pair" (u, X ) G t* x *W. In 
this paper we only consider the case when \ = 0, and v is integral, i.e. in the 
image of the natural map X — >■ t* (such a pair is always "compatible"). If 
A G X, we still denote by A its image in t*. We consider the specializations 

{Uq) x := (Kg) ® 3hc k A , (Uq) := (U$) ® 3pr k , := (Kg) ® 3 k (A>Q) . 

Let Mod fg (Wg) be the category of finitely generated Wg-modules. If A G 
X, we denote by Modp^(£/g) the subcategory of Wg-modules on which 3 
acts with generalized character (A,0). We define similarly the categories 
Modo g ((Wg) A ), Mod A g ((^g) ), Mod fg ((Wg) A ). We also denote by ModJ(Wg) 
the subcategory of ^/g-modules on which 3hc acts with generalized character 
A. Hence we have inclusions 

Mod f S((Wfl) A ) c ModJf((W ) A ) c ModJ g 0) (^g)C^Mod f ^g) 

Mod A g ((Wg) ) Mod fg (Wg) 

Recall that a weight A G X is called regular if, for any root a, (A+p, a v ) ^ 
pZ, i.e. if A is not on any reflection hyperplane of W a g (for the dot-action). 
If /x G X, we denote by Stab(vK aff ,»)(/ 1 ) the stabilizer of for the dot-action of 
Wag on X. Under our hypothesis p > h, we have (pX) n Y = pY. It follows 
that Stab^^ .)(//) is also the stabilizer of p for the action of W' aS on X. 

We have (see [BMR| 5.3.1] for (i), and [BME21 1.5. l.c, 1.5.2.b] for (ii)): 

Theorem 3.2.2. (i) Let A G X be regular. There exist equivalences 

(3.2.3) P h Coh B(1) (5 (1) ) = P 6 Mod; g 0) (Wg), 

(3.2.4) :D f, Coh B(1) (A/' (1) ) Z> b Mod£ g ((Wfl) A ). 

(ii) More generally, let fj, G X, and /ei P be a parabolic subgroup of G 
containing B such tha% Stab^^.)^) = Wp. Let V = G/P be the corre- 
sponding flag variety. Then there exists an equivalence of categories 

(3.2.5) V b Coh v(1) (Q^) * V b Mod\l fi) (U Q ). 

Let us recall briefly how equivalence (|3.2.3p can be constructed. We use 
the notation of |BMRj . Consider the sheaf of algebras T> on £>; it can also 



^Equivalently, this means that fj, is on the reflection hyperplane corresponding to any 
simple root of Wp, but not on any hyperplane of a reflection (simple or not) in W a s — Wp. 
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be considered as a sheaf of algebras on g^ Xt.{i) h*, and it is an Azu- 
maya algebra on this space (see [BMR1 3.1.3]). We denote by Mod c (P) 
the category of quasi-coherent, locally finitely generated V- modules (equiv- 
alently, either on B or on Xup) fj*). For v G t* = rj* we denote by 

Mod^(P), resp. ModL 0) (X>), the full subcategory of Mod c (2?) whose ob- 
jects are supported on AA 1 ) x {u} C g^ Xt.p) rj*, respectively on B^ x 
{u} C g^ Xu(i) fj*. If A € X is regular, the global sections functor 
RT : V b Mod c x {V) -> V b Mod x g (Ug) is an equivalence of categories. Its in- 
verse is the localization functor C x . These functors restrict to equivalences 
between V b Mod c {Xfl) {V) and D b ModJ| 0) (Wg). 

Next, the Azumaya algebra T> splits on the formal neighborhood of B^ x 
{A} in gW Xup; rj*. Hence, the choice of a splitting bundle on this formal 
neighborhood yields an equivalence of categories Cohg(i) x ro (g^ x ^(i) Jj*) = 
Mod( A q) (£>) . Finally, the projection g^ x^i) f)* — >■ gW induces an iso- 
morphism between the formal neighborhood of B^ x {A} and the formal 
neighborhood of B^ (see [BMR21 1.5.3.c]). This isomorphism induces an 
equivalence Coh (i) x j x \(g^ x [,*(i) V) — Coh e( i) (gW), and gives (|3.2.3f) . 

We choose the normalization of the splitting bundles as in [BMR2, 1.3.5]. 
We denote by A4 X the splitting bundle associated to A (it is denoted x 
in [BMR2] ). and the associated equivalence by 

7 f : V b Coh BW (Q^) ^ V b Mod\l Q) (U Q ). 

Similarly, for X,fi,V as in Theorem 13.2.21 we denote by 

4 :P 6 Coh B(1) (A^«) ^ P 6 Mod|f((^0) A ), 

7 J:P 6 Coh p(1) (gW) ^ V b Mod\l Q) (UQ) 

the equivalences obtained with the normalization of [BMR21 1.3.5]. 

If A € X is regular and v G X, then Mod^^^g) and Mod|| +p!/ ^ (Ug) 
coincide. But the equivalences ^ x and J x+pu differ by a shift: Jx+pui-^) = 
7 f (0 ?( i)(^) -F) for J" in P 6 Coh B(1) (gW). 

3.3. An equivalence of derived categories. In this subsection we prove 
an equivalence of derived categories that will be needed later. Recall the 
notation qc and fg introduced in £12.2i 

Let A be a variety, and y be a sheaf of dg-algebras on A, non-positively 
graded and Ox-quasi-coherent. We also consider the sheaf of algebras A = 
y°. Let Z C A be a closed subscheme. We denote by P| C (A, y) the full 
subcategory of D qc (A, y) whose objects have their cohomology supported 
on Z (and similarly with qc replaced by qc,fg). 
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Lemma 3.3.1. Let F be a y-dg-module which is Ox -Quasi- coherent, sup- 
ported on Z , and bounded below. There exists a K-injective y-dg-module I, 

Ox -quasi- coherent and supported on Z, and a quasi-isomorphism F — > I. 

Proof. The case y = Ox can be derived from [Hl| II. 7. 18 and its proof]. 
The general case follows, as in the proof of Lemma 11.3.51 □ 

Lemma 3.3.2. Let F be an object of T>^(X, y), whose cohomology is 
bounded. There exists a K-injective y-dg-module Q, which is Ox -quasi- 
coherent and supported on Z , and a quasi-isomorphism F — > Q. 

Proof. We prove the lemma by induction on I (J 7 ), where 1(F) := max{i E 
Z | H l (F) / 0} - mm{i E Z | W(F) ^ 0} if H(F) ± 0, and 1(F) = -1 
otherwise. If 1(F) = — 1, the result is obvious. Now assume 1(F) = n > 0, 
and the result is true for any dg-module Q with l(Q) < n. Let j be the lowest 
integer such that H 3 (F) ^ 0. Using a truncation functor, we can assume 
that F k = for k < j. Then ker(d^) = W(F) is quasi-coherent and 
supported on Z. Let /C denote the sub-^-dg-module of F concentrated in 
degree j, with K? = ker(dj-). By Lemma [3.3-H there exists a K-injective y~ 
dg- module I\, quasi-coherent and supported on Z, and a quasi-isomorphism 

K m> T\. Consider Q := Coker(/C ^ F). Then l(Q) < 1(F). Hence, by 
induction, there exists a K-injective 3^-dg- module X2, quasi-coherent and 

supported on Z, and a quasi-isomorphism Q X2. 

There exists a natural morphism 1] — > JC in V(X,y), hence also a 
morphism Z2[—l] — > I\. By K-injectivity of X\ (see Definition ll.3.ip . one 
can represent this morphism by an actual morphism of 3^-dg-modules / : 
l2[~ 1] ~~ >■ 2i (unique up to homotopy). Let I3 be the cone of /. Then 
X3 is K-injective, quasi-coherent and supported on Z. Moreover, one easily 
checks that there exists a quasi-isomorphism F — > X3 . □ 

From now on we assume in addition that y is coherent as an C?x-module. 
In particular, as A is coherent over Ox, an ^.-module quasi-coherent over 
Ox is locally finitely generated over A if and only if it is coherent over Ox ■ 
The same applies for A replaced by H(y). 

Lemma 3.3.3. Every y-dg-module F which is bounded, Ox -quasi- coherent, 
and whose cohomology is Ox-coherent is the inductive limit of Ox-coherent 
sub-y -dg-modules which are quasi-isomorphic to F under the inclusion map. 

Proof. Our proof is similar to that of [Bo} VI. 2. 11. (a)]. First, F is the 
inductive limit of coherent sub-dg- modules, hence it is sufficient to show 
that given a coherent sub-dg-module /C of F, there exists a coherent sub- 
dg-module Q of F containing K, and quasi-isomorphic to F under inclusion. 

This is proved by a simple (descending) induction. Let j E Z, and assume 
that we have found a subcomplex Qj of (Bj>j coherent over Ox, contain- 
ing 0j>j /C, stable under y (i.e. if g E Qj and y E y k , and if i + k > j, then 
r«e Qf k ), such that Qj -> F is a quasi-isomorphism in degrees greater 
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than j and that Qj Hker(dj-) — > H 3 ^) is surjective. Then we choose a sub- 
^4-module AP' -1 of J 7 - 7-1 containing K?~ , coherent over Ox, whose image 
under d^ 1 is Qjp\lm(d?p ). Without altering these conditions, we can add a 
coherent sub-module of cocycles so that the new sub-module j\f J contains 
representatives of all the elements of iiP _1 (.F). We can also assume that 
AP -1 contains all the sections of the form y ■ g for y £ y i and g € Qj with 
i + k = j — 1. Then we define 1 by 

cfc / 0* iffc>j, 

\ AP" 1 if fc = j - 1. 

For j small enough, £/j is the desired sub-dg-module. □ 

We denote by C^ c ' ig (X, y) the category of y-dg-modules which are Ox- 
quasi-coherent and locally finitely generated over y (i.e. Ox -coherent), and 
supported on Z. Let 2?(C^ c ' fg (X, 3-0) be the corresponding derived category. 

Proposition 3.3.4. The functor t : V(Cf' lg (X, y)) -> Vf' lg (X, y) in- 
duced by the inclusion C^' S (X, y) C(X, y) is an equivalence. 

Proof. This proof is similar to that of [Bo} VI. 2. 11]. It follows from Lemmas 
13.3.21 and 13.3.31 using truncation functors, that l is essentially surjective. 

Now, let us prove that it is full. Let J 7 , Q be objects of C^' lg {X, y). 
In particular, T and Q are bounded. A morphism (j) : — > l{Q) in 

V^' g (X, y) is represented by a diagram ^(J 7 ) A- N <— l(Q), where /3 is 
a quasi- isomorphism. Using Lemma 13.3.21 and truncation functors, one can 
assume that N is bounded, quasi-coherent, and supported on Z. By Lemma 
13.3.31 there exists a coherent sub-dg-module N' of N (supported on Z), 
containing a{J-) and f3(Q), and quasi-isomorphic to J\f under the inclusion 

map. Then tfi is represented by A/ 7 <— i>(Q), which is the image of a 

morphism in PfCj. ' g (X, y)). Hence i is full. 

Finally we prove that i is faithful. If a morphism / : T — > Q in C^ c,fg (X, y) 
is such that i(f) = 0, then there exists M in T)^' S (X, y), which can again 
be assumed to be bounded, quasi-coherent and supported on Z, and a quasi- 
isomorphism of 3^-dg-modules g ; Q — ^ J\f such that g o f is homotopic to 
zero. This homotopy is given by a morphism h : T — > Af[— 1]. By Lemma 
13.3.31 there exists a coherent sub-dg-module A/"' of j\f containing g(Q) and 
ft,(J-")[l], and quasi-isomorphic to A" under the inclusion. Replacing M by 
A/ 7 , this proves that / = in P(C| c ' fg (X, ?)) . □ 

3.4. Localization with a fixed Frobenius central character. In [BMR, 
BMR2] the authors give geometric counterparts for the derived categories 
of Z^g-modules with a generalized Frobenius central character, and a fixed 
or generalized Harish-Chandra central character. The relation between the 
Koszul duality (I3.1.ip and representation theory is based on Theorem 13.4. 1\ 
which gives a geometric picture for the derived category of Wg-modules with 
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a generalized (integral, regular) Harish-Chandra central character and a fixed 
trivial Frobenius central character. More precisely, we prove: 

Theorem 3.4.1. Let A € X be regular. There exists an equivalence of 
triangulated categories 

DGCoh((fln rxB e)( 1 )) ^ V b Mod f Z((Ug) ). 

The proof will occupy the whole subsection. Consider the derived inter- 
section (g n g * x e B)( l \ By Proposition 13 . 1 . 4l we have an equivalence 

(3.4.2) DGCoh((grV xB £)«) * V^(f-\ 0~ w ® k A(g«)). 

We have seen in the remarks following Theorem 13.2.21 that the projection 
g^ 1 ) x^.fi) fj* — > gW induces an isomorphism between the formal neighbor- 
hoods of B^ 1 ' x {A} and of B^'. We denote these formal neighborhoods by 
B^ l \ In this subsection, for simplicity we put X := g^ t)*. 

Lemma 3.4.3. The following natural functor is an equivalence of categories: 
pqc^i), ~ m k A(g( 1 ))) V%$ X{X} (X, O x ® k A(g( 1 ))). 

Proof. Any object of D^'^gW, 0~(i) ®^ A(gW)) has its cohomology sup- 
ported on B w (because H°(O gW <g> k A(g (1) )) = Bm ). Hence, by Propo- 
sitionEXl V^(qW, 0~ {1) ® k A(flW)) =P(C^ g (flW, ® k A( fl «))). 
Now, as the formal neighborhoods of B^ in g^ 1 ) and of B^ x {A} in X 
are isomorphic, the category Cg^fflW, ® k A(g^))) is equivalent to 
C^ g x{A} (X, Ox<8>kA(g (1) )). We conclude using Proposition[333]again. □ 

Let now K s denote the Koszul complex S(q^) <S> k A(g^), which is quasi- 
isomorphic to the trivial S^g^^-module ko- Here S^gW) is in degree 0, 
and the generators of A(g(^) are in degree —1. By Poincare-Birkhoff-Witt 
theorem, the enveloping algebra Uq is free (hence flat) over 3ft — S(q^). 
Hence, if we consider Uq as a (trivial) sheaf of dg-algebras on Spec(k), 
there is a quasi- isomorphism of dg-algebras Uq <g>3 Fr K g — > Uq (8)3^. ko, and 
hence an equivalence of categories (see Proposition 1 1 . 5 . 6| ) : 2?Mod((Wg)o) = 
P(Spec(k), Uq (8)3^ K 3 ). Restricting to the subcategories of objects with 
finitely generated cohomology, we obtain an equivalence: 

(3.4.4) V b Mod^((UQ) ) P fg (Spec(k), Uq® 5ft K s ). 

In the sequel, we write Uq <S> k A(g^) for the dg-algebra Uq (g>3 Fr K g . 

We can consider Uq as a sheaf of algebras either on Spec(k), or on 
Spec(3) = g* (1) x^m/w It follows easily from Proposition Eil 

that the category X>i c > f s( *( 1 ) x^i )/w \)*/{W,»), Uq (g> k A(gM)) is equiva- 
lent to P fg (Spec(k), Uq ® k Mfl^))- We denote this category simply by 
V 1s (Uq ®k A(gW)). We also denote by V^(Uq ® k A(gW)) the full subcate- 
gory whose objects are the dg-modules M such that Uq acts on H(M) with 
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generalized character (A, 0). It also follows from Proposition 13.3.41 that this 
category is equivalent to the localization of the homotopy category of finitely 
generated W{j®iEA(gW)-dg-modules on which Uq acts with generalized char- 
acter (A, 0). We use the same notation for Uq instead of Uq <8>|e A(g( 1 ^). 
The following result follows easily from the definitions and |BMRl 1.3.7]. 

Lemma 3.4.5. Equivalence (|3.4.4j) restricts to an equivalence of categories 

V b Mo^{(UQ) Q ) * Dj(Ws® k A( fl «)). 

Next, let us recall some results on dg-algebras. Let A be a dg-algebra 
(i.e. a sheaf of dg-algebras on Spec(k)). We use the same notation as in sec- 
tion [H except that we omit "Spec(k)". An ^4-dg-module M is K-projective 
if for any acyclic A-dg-module N, the complex Hom^M, N) is acyclic. By 
the results of [BLl §10.12.2], every ^4-dg-module has a left K-projective res- 
olution. As in §1 .41 we deduce that any triangulated functor from C{A) to 
a triangulated category has a left derived functor, which can be computed 
by means of K-projective resolutions. 



Proof of Theorem \3.4-l\ We will show that the equivalences constructed in 
[BMRj are "compatible with the tensor product with K s " . 

First step: Let us prove the following equivalence of categories: 

(3.4.6) V^ x{x} (X, O x ® k A( ( 1 ))) - V^ x{X} (X, V ® k A{q^)). 
As in [BMRj we define the functors 

. f C^ x{x} (X, Ox ® k A(0«)) Cg* {A} (X, V ® k A( «)) 

\ g(l) 

G .{ Qt {x} (X,V^ k A( e ^)) -+ C$f x{x} (X,O x ® k A( 5 U)) 

These functors are exact. There are natural morphisms of functors F oG 
Id and Id — > GoF. These functors and morphisms of functors coincide with 
the ones considered in [BMRl 5.1.1] under the forgetful functors 

C^ x{x} (X,O x ® k A( Q V)) -> C^ x{x} (X,O x ) = C b Coh BWx{x} (X) 

Hence, by [BM R, 5.1.1], the morphisms F o G — > Id and Id — >■ G o F are 
isomorphisms on each object, hence F and G are equivalences of categories. 
They induce equivalence (|3.4.6h , using Proposition 13.3.41 

Thus, combining (I3,4.2j) . Lemma 13.4.31 and (|3.4.6j) . we have obtained: 

(3.4.7) DGCoh((gn rxe S)( 1 )) - V^ x{x} (X, V ® k A(q^)). 
Second step: Now we construct an equivalence of categories 

(3.4.8) ^f x{x} (X, V ® k A{q^)) - T%(Ug ® k A( «)). 
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This will conclude the proof, due to the following chain of equivalences: 

DGCoh((fln rxB B)( 1 )) ™ 2?gi? x{A} (X,P® k A(0 (1) )) 

eSJ , 13X51 . , 

= ^ g (W (2) k A( S «)) * P fe Mod A ? ((Wg) ). 

By the projection formula ( |H2[ II. Ex. 5.1]) and [BMR[ 3.4.1], we have 

rp® k A(g (1) )) ^ r(P)® k A( «) ^ t/® k A( «) 

where U := Ug^ HC S(i)). The dg-algebra £/ <g) k A(gW) contains Wg®kA(g( 1 )) 
as a sub-dg- algebra. Hence (see §1.5p there exists a functor i?T : "D(X, £><g) k 
A(g«)) P(Spec(k), ^g (g) k A(g( 1 ))). By Corollary [L531 the following 
diagram commutes: 

(3.4.9) V(X, V ® k A( fl «)) — P(Spec(k), Wg ® k A(g( x ))) 

For | | For 

V(X, V) — P(Spec(k), Ug). 

By Proposition EXH the functor P b Mod^ A0) (P) -> (X, P) is an 

equivalence of categories. If T is an object of the category ^g"(if x m 

A(g(D)), then For (J 7 ) is in ^* {A} (X, P) * P 6 Mod^ A0) (P). Hence, by 

|BMRl 3.1.9], i^For^)) is in £> A g (^g). Using diagram (13X91) . we deduce 
that RT(T) is in 2? A g (Wg<g) k A(gW)). Hence we have proved that RT induces 
a functor RT : Ujffi x{x} {X, V ® k A(g( x ))) X>*(W fl ® k A(g( 1 ))), such that 
the following diagram commutes: 

(3.4.10) ^aW*' 5 ®* A (0 (1) )) — ^a(W0 A(0 (1) )) 



For 



I 



For 



Loc^ : 



V b Mo&l m {V) ™ V b Modf Xfi) (Ug). 

Now we construct a left adjoint for this functor. First, consider 

C(Spec(k), Wg0 k A(g«)) -> C(X, V ® k A(g«)) 
M h-> V® Us M 

Using the remarks after Lemma 13.4.51 Loc/^ admits a left derived functor 
Ck- Moreover, the following diagram is commutative: 

(3.4.11) P(S P ec(k), Ug ® k A(g^)) — V(X, V ® k A( W)) 

For i ~l J For 
P(Spec(k), Ug) - V(X, V). 
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Indeed, both derived functors can be computed using K-projective reso- 
lutions, and one easily checks, using coinduction, that every K-projective 
Uq ®t A(gW)-dg-module restricts to a K-projective complex of Wg-modules. 

Using diagram (13.4.111) . C K induces a functor C K : V^(UQ^> k A(g (1) )) -> 
pqc,fg(x, £> <g> k A(g( 1 ))). Moreover, for any M in £>^ g (Wg O k A(gW)) there 
is a canonical decomposition Ck(M) = ^^wx^K^^i^) w hh C^ fl (M) 
in ^ffx^j^i^ ®k ^(fl' 1 '))' Indeed, using Proposition 13.3.41 we have 
such a decomposition as a complex of P-modules (as in [BMRj 3.3.1]). As 
the actions of A(g( x )) and S(fj) C V commute, each summand is a sub- 
V <g> k A(g (1) )-dg-module. 

Now we define £^ := C^^. The following diagram commutes, where £ A 
is the functor defined in |BMR} 3.3.1]: 

(3.4.12) vf(UQ ®k A( fl W)) — ^? X{A} (^ ^ ®k A(5 (1) )) 

J For 



For 



V b Modfc m (Wg) C - V b Mod^ 0) (V). 



As in BMR 3.3.2], the funct ors jC^, RT are adjoint. Hence there are 

morphisms Id — > RToC^-, C\oRY — > Id which coincide, under the forgetful 

functors, with the morphisms Id — >■ itT o £ A , £ A o itT — > Id of [BMR]. In 
[BMR] 3.6] it is proved that the latter morphisms are isomorphisms. Hence 
the former morphisms also are isomorphisms, which proves (|3.4.8p . □ 

We denote by 7^ the equivalence constructed in the proof of Theorem 
13.4.11 Let p : (fl n g » X BB)W — > gW be the natural morphism of dg-schemes, 
which can be realized as the morphism of dg-ringed spaces (g^, <S>k 
-Mg^)) — > (fl > Cg(!))- The following proposition is clear from our con- 
structions (see diagrams (|3.4.10p and (13.4.12j) ): 

Proposition 3.4.13. The following diagram is commutative, where the 
functor Incl is induced by the inclusion Mod^ g ((Z//g)o) Mod/® ^ (Wg) : 

7? (Th. \3J1\ , . 
DGCoh((gry xB S)«) — J - P b Modl g (^g)o) 



1 „, 7 B ( Th.E23 

Z? 6 Coh B(1) (g«) * ^ 6 Mod (A 0) 



Incl 



(Uq). 



To finish this subsection, let us remark that similar arguments give the 
following more general theorem: 
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Theorem 3.4.14. Let fj,,V be as in Theorem I3.2.2lf ii) . There exists an 
equivalence of triangulated categories 

7^:DGCoh((0 P n g * x pP)«) ^ V b Mod^((U Q ) ) 
making the following diagram commute, where Incl is induced by the inclu- 
sion Modjf((^g) ) M> Mod% JUQ), and p v : (g v n g * xV is the 
natural morphism of dg-schemes: 

DGCoh((g^ n s * xV V b Mod^((U Q ) ) 

R(PV)*\ J Incl 

P 6 Coh p(1) (g«) 1 ^Mod^ O) (W ). 

Remark 3.4.15. (i) Theorems 13.4.11 and 13.4.141 easily generalize to the case 
where £ 0* is relaced by a nilpotent x (with the same proof). One obtains 
the following result, which will not be used in this paper. 

Theorem 3.4.16. Let fi,V be as in Theorem I3.2.2f ii). and x G 0* nilpotent. 
There is an equivalence DGCoh((0 P n . xP ( X x P)) (1) ) = V b Mod^({Ug) x ). 

(ii) One cannot use similar methods to describe categories of (Ug) x - 
modules, because (JAq)^ is not flat over 3fi-- 

4. Simples correspond to projective covers under 
Recall the equivalence kq of (|3.1,ip . Our situation is the following: 

(*) DGCohs r (AA( 1 ))^DGCohS r ((0n rxB S)( 1 )) 



For 



For 



JUT) J2T3T9I) I T 

V b Coh BW (N^)( -^Coh^ 1 )) DGCoh((0n rxe fi)( 1 )) 



V b Mod { g ((Uq) x ) Z> 6 ModJ((W fl ) ) 

Hence we have constructed some "correspondence" between ^0-modules 
with fixed trivial Frobenius character and generalized Harish-Chandra char- 
acter A (on the RHS), and ^0-modules with generalized trivial Frobenius 
character and fixed Harish-Chandra character A (on the LHS). The key of 
our approach to Koszulity is that, if p is large enough, "indecomposable pro- 
jective modules correspond to simple modules" under this correspondence. 
In this section we state precisely this result (see Theorem I4.4.3j) . 

4.1. Restricted dominant weights. Consider tq := t p ■ wq € Recall 
the formula for the length in Wi^: for w 6 W and 

(4.1.1) £(wt x )= Yl lfo« V >l + E |! + (^« V )I 

a£R+nw- 1 (R+) aeR+nw- 1 (R-) 
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(see [IM, 1.23]). In particular, we obtain 1{tq) = J2 a ^R+ (0 9 ' ° V ) ~~ !)• 
Recall the definition of Co in §3.11 Let us define 

W° := {w G W^g | w • Co contains a restricted dominant weight}. 

If A £ Co, VF is also the set of w G W 7 ^ such that w • A is restricted 
dominant. It is a finite set, in bijection with W (see (|4.1.3p below). 

Proposition 4.1.2. The map w i— » Tou> is an involution ofW°. Moreover, 
if w G we /iai>e ^(row) = ^(to) — £(w). 

Proof. By definition, (to) 2 = 1. Hence for the first assertion it is sufficient to 
prove that w G W° implies tqw G W°. We have w G W° iff wO is restricted 
dominant. Write w = t\-v with A G X and v G VF. Then u;«0 = v(p)+p\ — p. 
Hence if a G <&, (w«0, a v ) = (p, (w~ 1 a) v ) + p(A,a v ) — 1. As p > h, we have 
|(p, (u _1 a) v )[ < p. Hence, u> • dominant restricted implies: 

(4.1.3) (A,a v ) = ( J i ! W > e r ; 

v ' x ' 7 \ 1 if v L a G R . 

In both cases, (wO, a v ) G {0, 1, • • • ,p— 2}. Now towO = wo(wO+p) + (p— 
l)p = w (w0) + (p-2)p. Hence if a G <&, (r w»0, q v ) = (wO, (w a) v ) + 
(p — 2). We have w^a G — #, hence {w • 0, (u>oaO V ) G {— p + 2, • • • ,0}. Thus 
row G W°, and the first assertion of the proposition follows. 

Let us compute 1{tqw). We have tqw = wqv ■ . Hence, by (14. 1.1ft . 

e(r w) = Yl I(A-P,(^) V )|+ £ |l + (A-p>a) v }|. 

aeR+nv-iR- aeR+nv~ 1 R+ 

By (|4.1.3p . for a G $ we have < (A, a v ) < (p, a v ). Hence the same is true 
for a G R + . Moreover, if v~ l a G R + then the second inequality is strict, 
and if v _1 a G i2~ the first one is strict. Hence £(tqw) equals 

(A-p,(«a) v )+ £ (-l + { P -\,(vay)) 
aefl+ni;- 1 ^- QGi?+nu- 1 i?+ 

= ^(p,/3 v )+ ^ (A,«a v )- J] (A,« a v )-#( J R+n t ;- 1 i?+). 
/3efl+ aefl+nti-ifl- aei?+n«- 1 i?.+ 

We deduce that 

£(r u;) = £(r ) + ^ (A,w* v )- ^ (A, ra v ) + n v~ 1 R~) 

= £(r )- £ Il + (A,^ V >|- £ KW)I- 



Qe-R+nu- 1 ^- aefl+n-u- 1 fl+ 



Here the second equality uses the fact that if a G .R + and va € R then 
(A, (t>a) v ) < (see above). We conclude using the equality w = v-t v -±\. □ 
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4.2. Coherent sheaves and dg-sheaves on AA 1 ). As in ^ and IO 
let us consider the following G m -dg-algebras on B^\ 

S ■= So e(1) (7g ( i)) with Tg(i) in bidegree (2, -2), 
K ■= So g(1) (T bW ) with T B m in bidegree (0, -2). 

We have a "regrading" functor £ : £> Gm (# (1) , 5) ^> £\j m (# (1) , ft), defined 
by £(M)j = Mj~ J . We also have an equivalence of categories (see (|2.3.4p ): 
(p : pg s (£W, K) ^ V b Coh G ™ (ATW). As in (|2T5|I we consider the 
functor T7 : DGCoh gr (A/" (1) ) -> P 6 Coh Gm (A/" (1) ) defined as the composition 

DGCoh^(A7«):=P+^ c ' fg (S«,<S) ©^(fiW, 5) 

^> V^BW, K) A P b Coh Gra (A7'( 1 )). 
Lemma 4.2.1. There exists a fully faithful triangulated functor 

C : £> 6 Coh G ft (Af (1) ) -> DGCoh gr (Af«) 
suc/i toat 7/ o ( is ifce incfuaioriS X^Cohgft (A/W) P b Coh Gm (A/'W). 

Proof. The objects of Z? b Coh G ( ™ (A/^ 1 )) are bounded complexes of G m -equi- 

variant coherent sheaves on AA 1 ), supported on B^- 1 '. In particular, they are 
bounded for both gradings (cohomological and internal). Consider the func- 
tor C : C 6 Cohjj£ ) (A/'W) DGCoh gr (A/"W) sending M to the dg-module 
defined by C(M)j := . This functor induces C : I> b Coh G ™ (A/W) -> 
DGCoh^AA 1 * 1 ), such that rj o £ is the inclusion of the full subcategory 
P 6 Coh G ™(A7' (1) ) C Z? 6 Coh Gm (Af (1) ). Hence ( is faithful. 

Now we show that ( is full. Let M, N be in 2? 6 Coh G ^ (A/" (1) ). A morphism 
/ : C(M) -»■ C(iV) in DGCoh^A/W) can be represented by a diagram 

C(M) ^ P — ► C(iV) 

with P in DGCoh gr (A/" (1) ). Fix a positive integer a such that Mj = Nj = 
for |j| > a. We define the sub-dg-module PM of P by (P^')j = Pj if 
j < a, (pW )j = if j > a. The inclusion pW P is a quasi-isomorphism. 
Next, define the sub-dg-module P® of pM by (P^- = (pW)j if j < -a, 
(pl 2 ])^ = if j > -a, and denote by P [3] the quotient pM/pPl. Then 
p[l] p[3] j s a g a in a quasi-isomorphism. Moreover, we have the diagram 



(4.2.2) 




'See [BMRI 3.1.7] for the fact that this functor is an inclusion. 
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Hence we can assume that P is bounded for the internal grading. Going 
to C<Q m {B^ l \ 1Z) (via £), using a truncation functor and then going back to 
CtQ m (B( l \ S), one can even assume that P is bounded for both gradings. 

Consider now the morphism -1 r?(/) : <$r x M -> in V^{B^\ K). 

As P 6 Cohg^(Ar (1) ) is a full subcategory of P b Coh Gm (7v r(1) ), there exists a 
diagram similar to (ET231) in C Gm {B^\ K), with C(M) and ((N) replaced by 
4>- x M and 4>- x N, P by ^^(P), PW by an object QW of Z^OBM, ft), 
and PPI by <p~ l Q [2 \ where QPl is a bounded complex of G m -equivariant 
coherent sheaves on J\f^ l \ supported on the zero section. Now, as above, 
we can assume is bounded for the internal grading, and bounded below 
for the cohomological one. It follows that / is the image under £ of the 
morphism defined by the diagram M ^1 Q[2] _>. _/V. □ 

4.3. Translation functors. The translation functors for Wg-modules are 
defined in |BMR} 6.1]. In this subsection we prove, in particular cases suf- 
ficient for our purposes, that these translation functors (for Wg-modules) 
coincide (on G-modules) with the usual translation functors defined e.g. in 
pal II.7]. We denote by the translat ion functors defined in |BMR| . and 
by T£ the ones defined in [Ja]. We also denote by Mod A d (G) the category 
of finite dimensional G-modules in the block of A, for A € X. Consider the 
"closure" G := {u G X | Vq G R+, < {v + p, Q v ) < p}. 

Lemma 4.3.1. Let A, [i G Cq. Consider the following diagram: 

Modi d (G) < ? Modf(G) 

Fo 4 t m l For 

Mod* O) (W ) 5=t Mod* O) (W ). 

if is m the closure of the facet of X, then For o = o For. If X is 
regular, and \i is on exactly one wall of Cq, then For o T£ = o For. 

Proof. We only give the proof of the first isomorphism. Both translation 
functors are constructed by tensoring with a certain module, and then taking 
a direct summand. A priori the direct summand corresponding to T]{ is 
smaller than the one corresponding to T£. Hence there exists a morphism 
of functors ForoTj" — > TfoFor. As these functors are exact, and as Mod A d (G) 
is generated by the modules Ind^(w«A) for w G Wgg and wX dominant we 
only have to prove the result for these modules. But the images under our 
functors of these modules are explicitly known (see (Ja] II. 7.11 and II. 7.12] 
and [BMR21 2.2.3]), and they indeed coincide. □ 
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From now on, for simplicity we omit the functors "For". Using this 
lemma, the usual rules to compute translates of simple or induced mod- 
ules ( [Jal II. 7]) generalize. If fi is in the closure of the facet of A (in Co), 
T^Ind ( §(w • A) = Ind£>(w; • /i) for w G W^ s . If w • A is dominant restricted, 

{L(w • /x) if w • \i is in the upper closure 
of the facet of w • A; 
otherwise. 

To finish this subsection, let us remark that, as the tensor product of 
two restricted Wg-modules is again restricted, for A, /i in X the functor : 
Mod^ x q ^(Uq) — > Mod^ ^(ZYg) induces a functor denoted similarly: 

2* : ModJ((W ) o ) -»• Mod* ((W fl ) ). 

4.4. Objects corresponding to simple and projective modules. Let 

A € Co- By a theorem of Curtis (see |Cuj ). a complete system of simple 
(Wg)o-modules is given by the restriction to (Uq)q of the simple G-modules 
L{u) for v G X restricted and dominant. The simple objects in the category 
Mod[f((Z//g) A ) (or similarly in Mod^ g ((£Yg)o)), i.e. the simple (Z^g)o-modules 
with Harish-Chandra central character A are the L(wX), for w G such 
that w • A is restricted dominant, i.e. for w G W° (see §4.ip . 
Recall the equivalence of (13.2,4p , For w G VF° we define 

(4.4.1) A, := (ef )~ 1 L(^ . A) G P 6 Coh B(1) (A/" (1) ) 

This object does not depend on the choice of A G Co- Indeed, let /i G Co. 
By |BMI 6.1.2. (a)], for any T G £> b Coh B( i) (gW) we have 

ifyf (J") ^ #r(0 B (/i - A) ®o 8 (.M A J*)) 

(here .M A J 7 is considered as a D- module on B). By our choice of splitting 
bundles (see [BMR21 1.3.5]), = O b (h - A) ®e> e M x , hence 

Similarly, for F G V h Coh BW (ATW) we have T^oef{T) e*(.F)- Hence if £ w 
is defined using A, we have e^(£„,) = o ef(C w ) = T^L(w • A) = L(w • /x), 
which proves the claim. Here the last isomorphism follows from (|4.3.2[) . 
Consider now Mod^((Ug)o). The algebra (Ug)o is finite dimensional. 

Hence, if 3hc * s * ne i ma g e i n (^fl)o of the maximal ideal of 3hc — S(f))^ ,, - ) 
defined by A, the following sequence of ideals of (Wjj)o stabilizes: 

(3^ c ) 3 (3 HC > 2 3 (3^ c ) 3 => ... 
Thus, for n ^> 0, Mod^((ZYg)o) is equivalent to the category of finitely 
generated modules over (Uq)q := (Z^Oo/Ohc)™- As seen aDove > the simple 
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(Wg)g-modules are the L(w • A) for w G W°. We denote by P(w • A) the 
projective cover of L(w • A) as a (Wg)o-module. For w G W° we define 

(4.4.2) V w := {lfr l P{w • A) G DGCoh((gfi fl . xB B)W). 

As above, this object does not depend on the choice of A G Co- 

Our key-result states that the objects C w , V w correspond under the linear 
Koszul duality k b of (|5XT|) . If Q G £> 6 Coh B( i) (A"W), we say that T G 
P 6 Coh^ 1 ) (A7' (1) ) is a Ztft of if For(J") ^ 0, for the forgetful functor For : 
^Coh^^W) ->■ P 6 Cohg(i ) (A7'( 1 )). We use the same terminology for 
DGCoh8 r ((gfi irx BiB)( 1 )) and DGCoh((g n r xB 

Theorem 4.4.3. Assume p > h is such that Lusztig's conjecture is tru^\. 

There is a unique choice of lifts Vf G DGCoh 8r ((fln B . X BB)W) o/ 7>„, 
resp. £f G D^Coh^AA 1 )) of C v (v G W°), such that for all w G W° , 

= C(^) ®O b(1) <V>H0 ? n DGCoh^ 1 )). 

The theorem will be proved in section The unicity statement is not 
difficult to check (see §8.ip . The existence is much more complex. To prove 
it we will need several tools, which we introduce in sections El [6] and 

As explained above, this statement does not depend on the choice of 
A G Cq. From now on, for simplicity we mainly restrict to the case A = 0. 

Remark AAA. One could also study the linear Koszul duality where the roles 
of N and g are exchanged. On the geometric side, results could be deduced 
from Theorem 14.4.31 using §2.51 However, the representation-theoretic inter- 
pretation of AAn g * X £<6 is not very interesting: it is related to the "derived 

specialization" (Z//g) A (g)3 HC Iko (see Remark 13.4. 15( ii)). In particular, it is not 
clear what "projective" means in this context. 

5. Braid group actions and translation functors 

In this section we introduce important tools for our study: the braid 
group actions and the geometric counterparts of the translation functors. 

5.1. Braid group actions. In this subsection we recall the main result of 
[Rl] . Recall the notation of §3.1 1 Let S := {s a , a G <3?} be the Coxeter 
generators of W. Let also S&g C W a s be the Coxeter generators, i.e. Sag 
contains S together with one additional (affine) reflection for each compo- 
nent of R. Let <l? a ff be the set which contains $ (the finite simple roots) and 
additional symbols for each element of Sag — S, called affine simple roots. 
If «o G $ a ff - we denote by s ao G S a g — S the corresponding element. 

We define the extended affine braid group as followS For a, (3 G $, we 
denote by n a ^ the order of s Q sp in W. 

See i )0.5l for comments. 
12 See the appendix of [Rl] for the equivalence with the usual definition. 



44 



SIMON RICHE 



Definition 5.1.1. Let B'^ be the group defined by the presentation with 
generators {T a , a G <T?} U {9 X , x G X} and relations: 

(1) TqT^ ■ ■ ■ = TpT a ■ ■ ■ (n Qj( g elements on each side); 

(2) 9 x 6 y = x +y) 

(3) T a 9 x = 9 x T a if (x,a v ) = 0, i.e. if s a (x) = x; 

(4) 9 X = T a O x _ a T a if {x, a v ) = 1, i.e. if s a (x) = x — a. 

We denote by C : W.^ s -> 5^ ff the canonical lift (see flTT. §1.1]). 

Let X, Y be varieties. Let : X x y — > X, py ■ X x Y — >■ y be the 
projections. We define the full subcategory Vp Top Coh(X x Y) of V b Coh{X x 
y) as follows: an object of V b Coh{X x Y) belongs to D£ rop Coh(X x Y) if 
its cohomology sheaves are supported on a closed subscheme Z C X x Y 
such that (px)|2 an d (py)\z are proper. Any T G Dp rop Coh(X x y) gives 
rise to a convolution functor 



V b Coh{X) -> V b Coh{Y) 

M i-> Ripy)*^ ®XxY P* X M) 



One defines similarly convolution functors for equivariant coherent sheaves. 
For a G 3> we define the following subvariety of q x g: 

a vector bundle over B x-p a B of rank dim(g/n) — 1. We also define S' a := 
5 a n (Af x A/") , a closed subvariety ofNxAf with two irreducible components 
(see [RH §4]). If p : X — > S (resp. p : X — >• £> 2 ) is a variety over $ (resp. 
£? 2 ) and A,|i £ X, we denote by 0x(A) (resp. 0x(A,//)) the line bundle 
p*C B (A) (resp. p*{0 B (\) R Ob(m)))- If e ^ 6 Coh(X), we denote by 7"(A) 
(resp. F(\,p)) the tensor product of J 7 and 0x(A) (resp. Ox{\p))- 

By an action of a group on a category we mean a weak action, i.e. a 
morphism from the group to the isomorphism classes of auto-equivalences 
of the category. The following theorem was announced in |B2^ 2.1]. It has 
been proved in |R1} 1.4.1] in the case G has no factor of type Gg, and in 
[2j §11.8] (as a joint work with R. Bezrukavnikov) in the general case. 



Theorem 5.1.2. There exists an action of B' &s on D b Coh(g( 1 )) {respectively 
V b Coh{M^)) for which: 

(i) the action of 9 X is given by the convolution with kernel A*(0~(i) (x)) 
{resp. A*(Orr(!) (x))) for x G X, where A is the diagonal embedding; 

(ii) the action of T a is given by the convolution with kernel O (i) {resp. 

0,S'(i)) f or a G <3?. The action of (Tq,) -1 is the convolution with kernel 
O q m(-P,p- ") (resp. O s , m (-p, p - a)). 

The actions onT> b Coh{Af^) andT> b Coh{Q^) correspond under the func- 
tor u : V b Coh{N ( V) -> £> fe Coh(gW) where i : 7V" (1) g (1) is the embedding. 
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Consider O := W aS • 0. In [BMR2j the authors construct an action of 
an incarnation e B' aS of B' aS (see [BMK21 2.1.2]) on V b Mod^(Ug), which 
restricts to an action on D fe Mod^ Q ^(Ug). There exist isomorphisms B' aS = 
®B' aS , associated to any element in 0. We normalize this isomorphism by 
choosing G ©. This way we obtain an action of B' aS on £> fc Mod^ ^(Ug); 
for b G B' aS , we denote by 

I b : V b Modf m (Ug) -+ V b Mod\l Q) (Ug) 

the corresponding action. On the other hand, let us denote by 

3 b : V b Coh(Q m ) -> P 6 Coh(g«), resp. K b : £> 6 Coh(Af (1) ) -> P 6 Coh(Af (1) ), 

the actions of b given by Theorem 15.1.21 Then for b G B' aii the following 
diagram is commutative (see [Rl, 5.4.1]): 

(5.1.3) ^Coh^^ 1 )) - >V b Coh BW (QW) 

V b Mod\l 0) (U 3 ) ^ ^V b Modf m (Ug). 

5.2. Graded versions of the actions. Let us define actions of G m — lk x 
on g^ and AA 1 ), by setting for t G k x and (X,gB) in gW, resp. jV' 1 ); 

(5.2.1) t-(X,gB) = (t- 2 -X,gB), resp. t ■ (X, gB) = (t 2 ■ X, gB). 

Note that the action on Kf^ is not the restriction of the action on gW, but 
the dual actional, which is consistent with £13.11 As in §2.51 we denote by (1) 
the shift in the grading given by the tensor product with the G m -module 
given by Idc m . An easy extension of Theorem 15.1.21 yields : 

Proposition 5.2.2. There exists an action of B' aS onT> b Coh Gin (g^) (resp. 
V b Coh Gm (Sf^)) for which: 

(i) For x G X, the action of 9 X is given by the convolution with kernel 
A*0j(i)(x) (resp. A*C^ (1) (a;)) ; where A is the diagonal embedding; 

(ii) For a G <3?, the action of T a is given by the convolution with kernel 
(i)(— 1) (resp. O s ,(i){l)). Moreover, the action of (Ta)' 1 is the convolu- 
tion with kernel O s (i)(—p, p — a) (—1) (resp. O s , (i) (— p, p — a)(l)). 

Proof. We only consider gW (the proof for AA 1 ) is similar). It suffices 
to observe that S Q is a G m -stable subvariety of g x g, and that all the 
constructions of |R1[ IR2] respect the G m -structures. The only subtlety 
is in [Rl, 1.5.4]. In this proof, the G m -equivariant version of the exact 
sequence Oyi ^ Oy a (p — a, — p, 0) -» Oy2 (p — a, — p, 0) is O v i(2) 
Oy a (p — a, — p, 0) -» Oyi(p — a, —p, 0). The rest of the proof is similar. □ 

^Recall also that the action of k on g*' 1 ' is twisted: if Fr : g* — > g*^ denotes the 
Frobenius morphism, and if t £ k, then we have t ■ Fr(X) = Fr(£ 1,/p ' X). 
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Now we consider the dg-scheme (gn * x ,g23)W. Recall the notation for 
categories of dg- modules in section [TJ By definition (see equation (|2.3.8p ). 

DGCohS r ((s^ xB S)«) - V^(B^\ A 0b(1) (T b v (1) )). 
Using arguments similar to those for Proposition 13.1,41 one obtains: 
Lemma 5.2.3. There exist equivalences of categories 

DGCoh^rVxS^W) = V^ g (B( 1 \(n*0~ gm )® k A( S W)), 
DGCoh((gfi rxB S)W) * 2^ C *(BW, (ir*0~ w ) ® k A(q^)), 

where (7r*0j(i)) <X>ik A(g( 1 ^) is considered as a dg-algebra equipped with a 
Koszul differential, with 7r*0~(i) in cohomological degree and gW in co/io- 
mological degree —1. In the first equivalence, the internal grading on tt%0~(i) 
is induced by the G m -action (|5.2.ip . and g^ 1 ) is in bidegree (—1,2). 

Recall that p : (gn g « x s B)^ — > g^ 1 ) is the natural projection. 

Proposition 5.2.4. There exist actions of B'^ on DGCoh(($jn g . x^S)^) 
and DGCoh gr ((g (1 s * x b B)^) such that the functors 

DGCoW((gn s * xB B)W) ^— - DGCoh((gn . xB S)( 1 )) 



R(PG m ) 



I 



Rp* 



V b Coh G -(gW) — D 6 Coh(gM) 

commute with the action of B' aS . 

Proof. We give the proof only for DGCoh((g n g * X B B)^ ) . The only difficulty 
is to define carefully the action of T a ; for this we first derive a description 
of Jf a which only involves sheaves on 0W. 

As above, let tt : gW — > B^ 1 ' be the natural morphism. Denote by 
Pi : g (1) x gW -> gW, qi : 0W x B^ B^ the projections (i = 1,2). 
Recall that ir is affine, hence 7T* is an equivalence between Coh(g( 1 ^) and 
Coh^ 1 ), ^0 ? (d) QEGA III 1.4.3]). If T is in P^Coh^ 1 )), by [EGA III 
1.5.7.1] we have 

(tt x 7r)*(p*7") ^ ((tt x vr)*0~ ( i )x ~(i)) <g>g«„-„o (1) q{ir*T. 
Using [EGA III 1.4.8.1], it follows that if a G 

(tt x tt)^^®^ (1) C 5 (i)) ^ ((vr x 7r)*O s (i)) Q^o^ ql^J 7 . 



Hence, finally, 



(5.2.5) 7r*J Ta (.F) fl(ga)*((7TX7r),O s ( 1 )(g) 9 j w . ^ 1) gl7r»J r ). 
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These isomorphisms are functorial. In this formula, (n x ir)*0 (i) is consid- 
ered as a right ^vr^O^ij-module, and a left q^TT^O-^-module. 

We define the action of B'^ using the equivalences of Lemma 15.2.31 It is 
enough to define the action of the generators 9 X and T a , and to prove that 
they satisfy the relations of Definition [5?Lll First, the action of 9 X is defined 
as the tensor product with B (i)(x). Let a € <F Consider the functor 

C(B^, tt*0~ w ® k A( «)) -► C(B« x S« g 2 *(7r*0 ?(1) ® k A^ 1 )))) 

£ ^ ((VT X 7T)*O s (i)) Stfw.O-^ q\G 

where (it x 7t)*C <; ,(i) is considered as a bimodule, as above. This functor has 

a left derived functor, denoted by Q h-> (7r x 7t)*0 (i)®a?7r,o_ m 9:L^- Consider 
the natural morphism induced by q 2 : 

q 2 : C(fiW x 0« g 2 *(Tr,0 5(1) ® k A(g«))) -> C^ 1 ), 7T*(% (1 ) ® k A(fl«)). 

Then we define the action of T a as the functor 

F a :G^ R(q 2 )*{(ir x n)*O s (x)® q *^ 0l . m q*G)- 

Easy arguments show that this functor indeed restricts to the subcategories 
of dg-modules with quasi-coherent, locally finitely generated cohomology. 
Moreover, the following diagram commutes: 

DGCoh((fln B * xB 23)M) -DGCoh((grVxe£) (1) ) 

v b Coh(e {1) ) — v b Coh(Q {1) ) 

(see (|5.2.5p . and use the fact that a K-flat ir*0~(i) <X> k A(g( 1 ))-dg-module is 
also K-flat over 7r*Oj(i)). 

With these definitions, it follows easily from the results of |RH IR2| that 
the actions of the T Q 's and the Ox's satisfy the defining relations of B' aS . □ 

For b € B' &s , we denote the action of b of Propositions 15.2.21 15.2.41 by 
J Gm : D 6 Coh Gm (f)W) V b Coh Gm (Q^), 
K G m . x»6coh Gm (AT (1) ) -»■ Z^Coh^^W), 
j; g :DGCoh((0n * xB B)«) -»• DGCoh((giVxBB) (1) ), 

J^:DGCoh^((0f>x0<B) (1) ) -»• DGCohS r ((gn rxB S)«). 
It follows in particular from Proposition 15.2.41 that the I?^ ff -action on 
V b Mod^ ^ (Uq) factorizes through an action on P 6 ModQ g ((Wg)o), which cor- 
responds to the action on the category DGCoh((g n g * X B B)^) via the equiv- 
alence 7q of Theorem 13.4.11 We denote the action of b € B' aS by 

1^ : D b Mod|f((Wg)o) ->• P fe Mod|f ((Wg) ). 
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5.3. Some exact sequences. Geometrically, S' a can be described as: 
S' a = {(X, 9l B,g 2 B) e Q *xBx Pa B\ X ]gi . b+g2 . b = 0}. 

It has two irreducible components: AM, the diagonal embedding of J\f, and 
Y a := {(X,g 1 B,g 2 B) € 0* x (B x Va B) \ X\ gi . Pa = 0}, a vector bundle on 
B Xp a B of rank dim(g/b) — 1. 

Recall the morphism Tr a : g — > g a (see equation (|3.2.ip ). There exist exact 
sequences of sheaves on g x g, resp. M x J\f (see \R1\ 5.3.2, 6.1.1]): 

(5-3.1) A ^^0~ sx _j^O Sa , 

(5.3.2) Sa (p - a, -p) ?X5q? - A ~ g , 

(5.3.3) 5 , (p - «, -p) - Oy Q (p - a, -p), 
(5-3.4) Oy Q (p - a, -p) ^ O s , a - O^. 

The exact sequences (|5,3.2p and (|5.3.4p are G m -equivariant. The exact 
sequences (|5.3.ip and (|5,3.3p admit the G m -equivariant analogues 

(5-3.5) o A ~ g (2)^0~ sx , a ~ s ^O Sa , 

(5.3.6) ^ O s > a (p - a, -p) -» Ya (p - a, -p). 

Recall that we have Obx v B{p~ a i ~P) — Osx Va B(—p, p — ®) ( |RH §1-5]). 
Hence one can exchange —p and p — a in these exact sequences. 



5.4. Geometric counterparts of the translation functors. Let us re- 
call the geometric interpretation of the translation functors (see §4.3f) . Let 
P be a parabolic subgroup of G containing B and let V = G/P. Recall the 
morphism vf-p of (EOTCD . By jBMR2l 2.2.5] we have: 

Proposition 5.4.1. Let A € X be regular, and let p GH be in the closure of 
the facet of X. Assume that Stab(w aff) .)(//) = Wp (with the same notation 
as in Theorem I3.2.2( ii) ). There exist isomorphisms of functors 

^°7f = 7j°#(^)* and o 7 J ^ 7 f o L(n v )*. 

Let A and p be as in Proposition 15.4.11 The morphism np : g — > Qp 
induces a morphism of dg-schemes 

(5.4.2) n v : (flfi fl . xB B)« -> (I P n rx ^) (1) . 

It can be realized as the morphism 0~(i) ®kA(g' 1 ')) — > (gSj , CL(i) ®k 

A(g( 1 ))), or as the morphism (B^ , Ao bW (7% w )) -»• (P« A 0p(1) (%)). 
Easy arguments show that R(jrp)* and L(np)* restrict to functors between 

the categories DGCoh((g r\ g * xB S) (1) ) and DGCoh((gV (S g * x p V) {1) ), with 
usual compatibility conditions. Recall the equivalences of Theorems 13.4.11 
and 13.4.141 A proof similar to that of |BMR2l 2.2.5] gives: 
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Proposition 5.4.3. Let \,fj,,P,V be as in Proposition 15.4.11 There exist 
isomorphisms of functors 

T\ °7\ —7^ ° R(j?v)* and ^07^ = 7^0 L(n-p)*. 

If P = P a for a £ we simplify the notation and set 7r a := n-p a . 

5.5. Some results from Representation Theory. One of our main tools 
will be the reflection functors, defined in the following way. 

Definition 5.5.1. Let 5 £ ^ag. Choose a weight fj,g £ X on the <5-wall of 
Co, and not on any other wall. The reflection functor Rg is defined as 

It does not depend on the choice of fig by [BMR2, 2.2.7]. It is an exact, 
auto-adjoint endofunctor of Mod^ q ^(Uq), which stabilizes ModQ g ((£/£))o). 

In this subsection we recall classical results describing the action of re- 
flection functors on simple and projective modules. Recall that it has been 
proved that Lusztig's conjecture on the characters of simple G-modules 
( |Llj ) is satisfied for p 3> (see £ jQ,5p . From now on we assume: 

(#) p is large enough so that Lusztig's conjecture is satisfied. 

This restriction is needed only to apply Theorem I5.5.3( i) below. 

Let 5 £ <£ a fj. Consider a simple (Wg)o-module L(w • 0) (w £ W°), where 
ws$ • > w • (see §4.4p . There are natural adjunction morphisms L(w • 

<h w \h w 

0) R s L(wO) L(w0). It is known ([EJ II.7.20]) that </>f is injective, 
and tjjf surjective. Consider 

(5.5.2) Q 5 H:=Ker(^)/Im(C). 

Theorem 5.5.3. (i) Let 5 £ <I> a ff , and w £ W° such that w • < ws$ • 0. 
Then Q$(w) is a semi-simple Ug-module. 

(ii) If ws$ £ W°, L(ws$ • 0) appears with multiplicity one in Qs{w), and 
all the other simple constituents of the form L(x • 0) for x £ W° satisfying 
£(x) < £(wss)- Ifwss ^ W° , all the simple constituents of Qs{w) are of the 
form L(x • 0) for x £ W° satisfying £(x) < l(ws$). 

Proof, (i) follows from a conjecture by Andersen, which is equivalent to 
Lusztig's conjecture QA2] , pal II.C]). Hence it holds under assumption (#). 

(ii) By [Ja] II. 7.19-20] and the strong linkage principle (pal II. 6. 13]), the 
simple factors of Qs(w) as a G-module are L(ws$ • 0) with multiplicity one, 
and some L(x • 0) with x £ — {ws$}, such that x • is dominant and 
x • t wss • (notation of paj II.6.4]). By pal II.6.6], such an x satifies 
£(x) < £(wss). Some of these simple G-modules may not be simple as Uq- 
modules if x • is not restricted. But if A = Ai + p\2 for Ai £ X restricted 
dominant and A2 £ X dominant, then by Steinberg's theorem ([Ja, II. 3. 17]), 
as Wg-modules we have L(A) = L(Ai) ffidim ( L ^ A2 ^. To conclude the proof, one 
observes that if v • and v 7^ are dominant, then £(t u v) > £(v). □ 
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The following proposition is "dual" to point (ii) of Theorem 15.5.31 Recall 
the modules P(w • 0) (w G W°) defined in §4.41 

Proposition 5.5.4. Let w G W°, and 5 G <3? a ff swc/i that ws$ G If and 
wsg • < w • 0. Then R§P(w • 0) is a direct sum of P(wss • 0) and some 
P(v • 0) with v G W°, £(v) > £{ws & ). 

Proof. As Rs is exact and self-adjoint, RsP(w • 0) is a projective (Uq)q- 
module, hence a direct sum ofP(u»0) forw G W°. The multiplicity of P(v0) 
is the dimension of Rom g (R s P(w0), L(v0)) ^ Hom g (P(™«0), P 5 L(u»0)). 
By (|4.3.2p . this multiplicity is if vss • < v • (in particular for v = w). 

Assume now that vss • > v • 0. The exact sequences Qs(v) (R$L(v • 
0))/L(« • ())-» L(v • 0), L(« • 0) ^ P«5L(w • 0) -» (P 5 L(w • 0))/L(u • 0) 
induce an isomorphism: 

Hom g (P(w • 0),R s L(v • 0)) ^ Hom g (P(u; • 0), 

By Theorem l5.5.31 Qs{v) is semi-simple, L(us5»0) appears with multiplicity 
1 in this module if vs§»0 is restricted, and the other simple components have 
their highest weight of the form x • for x G W° with £(x) < £(vs$). Hence 
if Hom (P(w • 0),Qs(v)) / and v / wsg, then £{w) < £(vs s ) = l(v) + 1, 
hence £{v) > l(ws$). For v = ws$, Hom (P(w • Q),Q$(ws$)) = k. □ 

5.6. Reminder on graded algebras. Consider a Z-graded, finite dimen- 
sional k-algebra A. Let Mod(j4), resp. Mod gr (^4), be the category of A- 
modules, resp. graded ^-modules. Let also Mod fg,gr (,4), Mod fg (A) be the 
categories of finitely generated modules. As in §2.5|. we denote by (J) the 
shift in the grading given by (M(j)) n = M n _j. Let For : Mod gr (A) — > 
Mod(^4) be the forgetful functor. Following [GG , we call gradable the A- 
modules in the essential image of this functor. If M G Mod(A), we denote 
by rad(M) the radical of M (the intersection of all maximal submodules), 
and by soc(M) the socle of M (the sum of all simple submodules). 

Theorem 5.6.1. (i) If M G Mod fg ' gr (^4) ; then M is indecomposable in 
Mod fg ' gr (A) iff For(Af) is indecomposable in Mod fg (,4). 

(ii) Simple and projective modules in Mod fg (^4) are gradable. 

(iii) If M € Mod fg,gr (,4) ; then soc(For(M)) and rad(For(M)) are homo- 
geneous submodules. 

(iv) If M,N G Mod fg ' gr (A) are indecomposable and non-zero and if we 
have an isomorphism For(M) = For(iV), then there exists a unique j G Z 
such that M = N(j) in Mod fg ' gr (^). 

(v) If M G Mod fg ' gr (A) ; then M is projective in Mod fg ' gr (yl) iff For(M) 
is projective in Mod fg (^4). 

Proof, (i) to (iv) are proved in \GG\ 3.2, 3.4, 3.5, 4.1]. (v) follows from the 
isomorphism Honu(For(M), For(iV)) = Hom Mod g r(j4) (M, N{i)). □ 

The following results can be proved exactly as in the non-graded case (see 
also [AJS[ E.6] for a proof in a more general context): 
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Proposition 5.6.2. (i) If M G Mod g ' gr (^4), then M is indecomposable in 
Mod fg ' gr (^) iff the algebra Hom Mod f g , gr(j4) (M, M) is local. 
(ii) The Krull- Schmidt theorem holds in Mod fg ' gr (A). 

These results can be used to deduce information on the structure of a 
graded ^4-module M when we know the structure of For(M). Let M G 
]VIod fg,gr (^4) , with decomposition M = M 1 © • • • © M n as a sum of indecom- 
posable submodules in Mod fg,gr (yl). Then 

(5.6.3) For(M) = For(M 1 ) © • • • © For(M n ) 

in Mod(4). By Theorem I5.6.1H ). For(M- J ) is indecomposable for all j. 
Hence (|5.6.3p is the decomposition of For(M) as a sum of indecomposable 
submodules (which is unique, up to isomorphism and permutation, by the 
Krull-Schmidt theorem). So the M J, s are lifts of the indecomposable direct 
summands of For(M). For later reference, let us spell out the following easy 
consequence of these remarks and Theorem 15.6.11 which is implicit in [GGJ . 

Corollary 5.6.4. M G Mod gr (^4) is semi-simple (resp. simple) in Mod gr (^4) 
iff For(M) is a semi-simple (resp. simple) A-module. 

6. Projective (£Y0) o -modules 

In this section we study the RHS of diagram (*) in the introduction of 
section [H More precisely, we introduce reflection functors (and their "graded 
versions"), and study their action on projective modules. 

From now on, for simplicity we assume that G is quasi-simple. 

6.1. Geometric reflection functors. Let a G <£. Recall the reflection 
functors (Definition I5.5.1H . and the morphism n a (see (|5.4.2p ). Consider 
the functor y\ a := L(7r a )* o R(jr a ) t . The reason for this notation is the 
commutativity of the following diagram, by Proposition 15.4.31 

(6.1.1) DGCoh((0rv xe £)«) 

V b Mod ((UQ) ) — 

Now we want to make such a construction for the affine simple root ao- 
For simplicity, sometimes we write so for the corresponding simple reflection, 
instead of s ao . We will use the following lemma. Recall the lift C : W^ s — >• 
B' aS of the natural projection. 

Lemma 6.1.2. There exists /3 G <3? and bo G B'^ such that C(sq) = b$ ■ 

c{s p )-(b y l . 

Proof. First, assume G is not of type G2, F 4 or E 8 . Then X/Y 7^ 0, hence 
there exists co G W^ s with £(co) = 0, but Then oj ■ sq ■ uj~ 1 is a simple 

reflection sp for some (3 G ( F As lengths add in this relation, we have also 
C(s ) = b ■ C{sp) ■ (b )- 1 for 6 = C(w). 



DGCoh((5n rxBJ B)( 1 )) 
^P 6 Mod o («Y0)o). 
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Now assumed G is of type G2, F4 or Eg. There exists a simple root j3 
such that the braid relation between so and sg is of length 3. Then we have 
C(s ) = C( S/3 )C( So )C( S/3 )C( So )- 1 C(^)- 1 . □ 

In the rest of this paper, we fix such a /? and such a 60 • 

Corollary 6.1.3. Keep the notation of Lemma 16.1.21 For any object M G 
P 6 Mod^ q ^(Uq), resp. M G P 6 ModQ g ((Wg)o), there exists an isomorphism^ 

^ (M)^I 6o oi? /3 oI (6o) _ 1 (M), resp. R ao (M) - 1^ o R p o Tfc^ (M). 

Proof. We only prove the first isomorphism, the second one is similar. First, 
Lemma [6.1.21 implies that Ic(s ) — ^0 ^G(sb) I(&o) _1 - By definition, for 
any N G P 6 Mod^ 0) (^s) there is an exact triangle N -)■ fi^iV ->■ I C ( S/3 )iV. 
Hence, for M G £> b Mod^ Q) (Wg) there is an exact triangle 

M -> I& o Rp o I((, )-i (M) -> I 6o oI CM oI^j-^M) = I C ( S0 )( M )- 

On the other hand, by definition there is an exact triangle M — > R ao M — > 
\qi Sq \M. Identifying these triangles we deduce the isomorphism. □ 

For this reason we define the functor 

m ao : DGCoh((flry xS £)«) -> DGCoh((grVxsB) (1) ) 

as follows: 9^ ao := o L(irp)* o R(tts)* J(f )-i ( see §5.21 for notation). 
With this definition, by Corollary 16.1.31 the diagram analogous to (|6,l.ip is 
commutative, at least on every object. 



6.2. Dg versions of the reflection functors. Let a G The dg- 

ringed spaces (# (1) , A a m {T^ (1) )) and (Pa , A a mCT^i))) are naturally 

G m -equivariant (see §1.7|) . and 7? a is also G m -equivariant. Easy arguments 
show that the functors R(n a ,G m )* and -^(vf«,G m )* restrict to functors between 

the categories DGCoh gr ((fln B * XjBJ B)W) and BGCoh SI {(Q a n s * xVa V a )^), 
with usual compatibility conditions. We define 

W£ '■= L (^»,G m )* R(K a ,G m )*. 

This is an endofunctor of DGCoh gr ((0n g *xg£>)^)- For the affine simple 
root «o we define similarly, with the notation of Lemma 16.1.21 

(6.2.1) £R£ := J^' gr o L(9p, G J* ° R@ PJB J. ° J J Q f , . 



More generally, this second argument works if G is not of type C n , n > 2. 
^It is not clear from our proof whether or not these isomorphisms are functorial. 
However, this can be checked easily if G is not of type G2, F4 or Eg. 
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With these definitions, for any 5 6 the following diagram commutes: 

SH gr 

(6.2.2) DGCoh^((5n r xBB) (1) )^^DGCohS r ((0n rxB B)( 1 )) 

For J J For 

DGCoh((5n rxB S)( 1 ))^ i -DGCoh((0n . xe ^)( 1 )). 

To conclude this subsection, for later use we study the relation between 
the functor £H Q (a S <3?) and the braid group action. Consider the following 
diagram of G m -equivariant dg-schemes: 

((0 Xg a s) n g . x(BxB) (B x B)) (1) 



91 <?2 





3a n g » x p a V a ) 

Here we consider the realization of the dg-schemes given by the first equiv- 
alence of Lemma 15.2.31 (and analogues for the other dg-schemes). We want 

to construct an isomorphism of endofunctors of DGCoh gr ((ej n g * X B B)^)\ 

(6.2.3) L(9 a , G J* o i?(7r Q)G J* - i?(g 2 ,G m )* o L(q ljG J*. 

There is a natural adjunction morphism Id — > R(qi,G m )* ° ^(<7l,Gm)*- Ap- 
plying R(ft a ,G m )* to this morphism, and using that n a o q\ = n a o g 2 , one 
obtains a morphism i?(vr a ,G m )* ^(^a,G ra )* ^(<?2,G m )* ° £(<?i,G ra )*- Now, 
applying again adjunction, one obtains the desired morphism 

£(v?a,G m )* O i?(7f Q ,G m )* -R(<?2,G ra )* ° £(<7l,G m )*- 

Under the functor DGCoh gr ((0 n fl . xB fi(PGm3 *) V b Coh Gm (g« ) ^ 

T> b Coh(g^), this morphism corresponds to the isomorphism considered in 
[RH 5.2.2]. Hence it is also an isomorphism. 

Recall the shift functor (1) defined in §2.51 The following lemma follows 
immediately from isomorphism (|6.2.3|) and the exact sequence (|5.3.5|) . 

Lemma 6.2.4. For a € there exists a distinguished triangle of functors 

6.3. Gradings. As in §3.41 for simplicity we denote the variety g^ 1 ) Xu*(i) 
h* by X in this subsection. Recall the algebra U := Uq <8>3 hc S(t)), also 
considered in §131 By |BMRl 3.4.1] we have RT(X,V) = U. Let U9 be the 
completion of U with respect to the maximal ideal of its center 3 ®3 H c ^0)) 
generated by f) and Q^- 1 '; let also (Wg)jj be the completion of Uq with respect 
to the maximal ideal of 3 corresponding to the character (0,0). Then the 
projection h* — > h*/(W, •) induces an isomorphism J7? = (Wg)jj. 
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As in £ )3.4l let B^ be the formal neighborhood of B^ x {0} in g^ Xupj 
h*. Applying |EGA IHi] 4.1.5] to the proper morphism gW x.* ( i) h* — > 



g*W x f) »(i) / w t)*, and using the fact that g*W x fl » ( i ) /^/b* is affine, we obtain 

(6 .3.1) i?r(Sw,^) . { 

Recall also the isomorphism of sheaves of algebras on £>W (see §3.2|) 

(6.3.2) ^-^^(A^ ). 

Let 3p r C 3Fr denote the maximal ideal of associated to 0. There is a sur- 
jection (Wg)~ -» (Ug)^/ (3p,.) — (Ug)o- Hence the algebra (Uq)q is a quotient 

of (Uei = T(BW,£ndo -AM )). 

u si 1 ) 

Let Y be a noetherian scheme and Z C K a closed subscheme, with 
corresponding ideal C Oy . Let Z be the formal neighborhood of Z in 
Y (a formal scheme). Assume Z is endowed with a G m -action. If T is 
a coherent sheaf on a structure of G m -equivariant coherent sheaf on T 
is the data, for any n, of a structure of G m -equivariant coherent sheaf on 
T jiTV^ ■ J-) (as a coherent sheaf on the n-th infinitesimal neighborhood of Z 
in Y), all these structures being compatible. The following result is due to 
V. Vologodsky (see the second appendix in the preprint version of |BFG| ): 

Lemma 6.3.3. Let f : Y — >■ Z be a proper morphism of k-schemes. Let z 
be a point in Z, and Y% be the formal neighborhood of f" 1 (z) in Y. Let £ 
be a vector bundle on Y%, such that Ext 1 ^,^ = 0. IfY% is endowed with a 
(arbitrary) G m -action, then there exists a G m -equivariant structure on £. 

Now we consider B^ as the formal neighborhood of the zero-section in 
g w . We have defined a G m -action on g^ in (|5.2. 1 j) . This action stabilizes 

the zero-section, hence induces an action on We can apply Lemma 

16.3.31 to the splitting bundle A4°, the vanishing hypothesis following from 
(|6.3.ip and (I6.3.2p . Hence we obtain a G m -equivariant structure on A4°, 
and a structure of a G m -equivariant sheaf of algebras on D . 

Applying T(^( 1 ),— ), we obtain a G m -equivariant algebra structure on 
(Wg)5, compatible with the G m -structure on g*^ induced by the action on 
g^ 1 ). Taking the quotient (by a homogeneous ideal), we obtain a grading 
on the algebra (Ug)^. Let ModQ g ' gr ((^/g)o) denote the category of finitely 
generated graded modules over this graded algebra. The following theorem 
is a "graded version" of Theorem 13.4.11 

Theorem 6.3.4. There exists a fully faithful triangulated functor 
7^DGCoh^((gn * xB S)«) -> P b Mod|f' gr ((Wg)o), 
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commuting with the shifts (1), such that the following diagram commutes: 



This theorem would be easy if we had a G m -structure on the whole of T>, 
Uq. Unfortunately we only have such a structure on completions. As the 
details are not needed, we postpone the proof of the theorem to § §6.6t 16,71 

Remark 6.3.5. Arguing as in the proof of Proposition 17.2.71 below, one can 
prove that the functor is essentially surjective, hence an equivalence of 
categories (see Remark 17.2.81 for the "dual" statement). 

6.4. Complexes representing a projective module. The abelian cate- 
gory Mod/g ^(Wfl) does not have any projective object. Nevertheless, in the 

category D b Coh(Q^) one can define a substitute for this notion. For J 7 , G 
P 6 Coh(g (1) ), we write simply Hom~(i) (J 7 , Q) for Ho%i, Coh (j(i))(7, Q). 

Definition 6.4.1. Let A G X be regular. An object M of P 6 Coh(gW) is said 
to represent a projective module under 7^ if Hom~(i) (7^) _1 ^v"[^]) = 
for any N G Mod*f Q) (Wg) and i ^ 0. 

Let p G W^ s • A be a restricted dominant weight. An object M. of 
P 6 Coh(g ( ' 1 )) is said to represent the projective cover of L(p) under 7^ if for 
any v G W^ s • A restricted and dominant and i G Z, 



Lemma 6.4.2. Let A G C , and v G W°. Then T x p L(v • A) ^ iff v = r . 
Moreover, T~ p L(t • A) = L(r • (-p)) = L((p - l)p). 

Proof. Using (|4.3.2p . we only have to prove that v • (— p) is in the upper 
closure of v • Co iff v = tq. Write v = t v • w with v G X, w G W . Then 
v • (— p) is in the upper closure of v • Co iff w = wq- The result follows since, 
in this situation, v is uniquely determined by w (see equation (14,1. 3ft ). □ 

Proposition 6.4.3. (i) Let A G Co, and w G W . The object Cg(i) represents 
the projective cover of L(tq • A) under 7;L\. 

(ii) Let A = u • G Co, wii/i co = w • t^ (p £ X, w £ W). Then Ojp.) (p) 
represents the projective cover of L(tq • A) under 7^. 



Proof, (i) Consider the functor T x p = T™° x p ' = T w p x . By Prop osition 15 . 4 . II 
applied to the weights w • A and — p, with V = G/G = {pt}, we have 




J For 



P fe Mod g ((^g) ). 




(6.4.4) 




foRT(^\-). 
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Moreover, Hom~ ( i) (C~ ( i) , -) = H (RT(g^\ -)). Now the result follows from 

(|6X4"1) and Lemma EMI using the fact that 7i P p t} (k) = L((p - l)p). (The 
latter fact follows from the definition of the splitting bundles, or from the 
fact that L((p — l)p) is the only simple module in Mod^_ p0 ^(Ug).) 

(ii) By hypothesis, A = w • (pfj-). Hence w~ l • A = pp. By (i), Og(i) 
represents the projective cover of L(ro»A) under 7^-i. A = t£j- But 7p M (— ) = 
7o (- CVdO-O) (see JO]). The result follows. □ 

Recall that we have defined the objects P(w • 0), V w in §4.41 Consider 
the projection p : (Qr\ s * xB B)^ — s> gW. By adjunction, if M G D^Coh^ 1 )) 
represents a projective module under 7^, then Jq(Lp*A4) is a projective 
(Wg)g-module. In particular, with the notation of Proposition I6.4.37 ii) . 

(6-4.5) On M^TW 

(fln fl * xB B)C 1 J 

6.5. Graded projective (Z^g)o-modules. Using Theorem [5.6.1( ii).(iv). the 
projective modules P(w0) (w G W°) can be lifted to graded modules (uni- 
quely, up to a shift). Fix an arbitrary choice of a lift P gr (w • 0) for each 
P(w • 0). Recall the fully faithful functor 7^ of Theorem 16. 3. 4i 

Proposition 6.5.1. The P sr (w • 0) 's are in the essential image 0/7^- 

Proof. We prove the result by descending induction on £{w). By Proposition 
14.1.21 the w G W° such that £{w) is maximal are of the form w = tquj, for 
with £(u) = 0. In this case, Ptqui is given by (|6 .4. 5|) . Clearly, this object 

can be considered as an object of DGCoh gr ((gn rxB 0)W). By Theorems 
15,6. lf iv) and !6.3.4"l the image of this (graded) object under 7^ is isomorphic 
to P gr (row • 0), up to a shift. This proves the result when £(w) = £(tq). 

Now let n < £(tq), and assume the result is true for all v G W° such 
that £{v) > n. Let w G W° such that £(w) = n. Let 8 G be such that 
wss G W° and ws$ • > w • 0, i.e. £(ws$) > £(«;). By induction, there 

exists P gr in DGCoh gr ((gn * X B#) (1) ) such that 7^(P gr ) = P gv {ws 5 • 0). 
Then, consider ^(9\fV gI ). By dia grams (|6.1.ip and (|6,2.2p . the image of 
this object under the forgetful functor 

For : V b Modf sv ((U Q )o) ->• D fe Mod|f((Wg)o) 

is RsP(wss • 0). In particular 7(f (£H gr, P gr ) is concentrated in degree 0. By 
Proposition 15. 5. 4"} RsP(wss »0) is a direct sum of P(it;«0) and some P(f »0) 
with ?; G W° such that £(t;) > £(w). Hence, using the remarks before 
Corollary EH 7o (^fP gr ) = P gr (w • 0)<») © Q gr for some i G Z, where 
Q gr is a direct sum of graded modules of the form P gr (v • 0)(j) with j G Z 
and v G such that £(t>) > £(w). By induction, there exists Q gr in 

DGCoh gr ((gry xB £) (1) ) such that Q gr 7^(Q gr )- Then we have 
7o e (^ gr ) = 7o S (Q gr )©^ gr (^-0)(i). 
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As 7g is fully faithful, the injection 7^ (Q gr ) 7^ (9lf r 'P gr ) comes from a 

morphism Q gr -> V\fV& in DGCoh gr ((g n g » xB B)W). Let be the cone 
of this morphism. Then, by usual properties of triangulated categories, 
7f ^ P gr (u> • 0). This concludes the proof. □ 

6.6. Generalities on G m -ecjuivariant quasi-coherent dg-modules. In 

the next two subsections we prove Theorem 16.3.41 

Let us consider a noetherian scheme A, and a non-positively graded G m - 
dg-algebra A on A (as in §1.7j) . Assume also that A is locally finitely gen- 
erated as an O^-algebra. Let V^ m (A, A), resp. V^ g (A, A), be the full 
subcategory of I>G m (i, A) whose objects have their cohomology OA-quasi- 
coherent, resp. O^-quasi-coherent and locally finitely generated over H{A). 
Let also C^ m (A, A) be the category of G m -dg-modules which are OA-quasi- 
coherent, and let V{C^^{A, A)) be the corresponding derived category. Let 
pfg ( C G m (A be the ful1 subcategory of V(C^ m (A, A)) whose objects 
have their cohomology locally finitely generated over H{A). 

A proof similar to that of Lemma [3 .3 .21 shows that if J- G T>^ (A, A) and 
H(F) is bounded, there exists a G m -equivariant K-injective .A-dg-module X 
and a quasi-isomorphism T — > Z, where X is O^-quasi-coherent. We deduce: 

Lemma 6.6.1. Assume A is bounded for the cohomological grading. There 
exists an equivalence of categories T> ig (C^ m (A, A)) = V^^ g (A, A). 

Let Y be a noetherian scheme endowed with a G m -action (possibly non 
trivial). Now we consider two situations, denoted (a) and (6). 

Situation (a) is the following. Let y be a non-positively graded dg-algebra 
on Y. We have not defined G m -equivariant dg-algebras and dg-modules in 
this case. But assume that y is coherent as an Oy-module, and that each 
y p is equipped with a G m -equivariant structure (as a coherent Oy-module) , 
such that the multiplication and the differential are G m -equivariant. Then 
we can consider the notion of an Oy- quasi- coherent, G m -equivariant dg- 
module over y. We denote by C^ c (Y, y) the corresponding category, and 

by Cg^ fg (Y, y) the full subcategory of dg-modules locally finitely generated 
over y. We denote the corresponding derived categories by V{C^ m iY, 3^)) 
and V(C^ e {Y, y)) . We also denote by P fg (C^ c m (Y, y)) the full subcategory 
of T>(C^^(Y, y)) whose objects have locally finitely generated cohomology. 

Consider a closed G m -subscheme Z C Y. Denote by V^(C^ (Y, 30) 
the full subcategory of P fg (Cg C m (Y, 30) whose objects have their cohomol- 
ogy supported on Z. We also consider the category C^ c ' m (Y, y) of Gm- 
equivariant, quasi-coherent 3^-dg- modules supported on Z, its subcategory 
Cf' fg ' Gm (Y, y), the derived categories V(Cf' Gm (Y, y)),V(Cf' fg ' Gm (Y, y)), 
and the full subcategory P fg (C| c ' Gm (Y, y)) of V(Cf' Gm {Y, y)) of objects 
having locally finitely generated cohomology. 
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Now we consider situation (b). As above, let Z C Y be a closed G m - 
subscheme. Let 3^ be a coherent sheaf of dg-algebras on the formal neigh- 
borhood Z of Z in Y, endowed with a G m -equivariant structure. Hence, if 
Iz is the defining ideal of Z in 7, we have a G m -equivariant structure on 
y I (Ig ■ y) for any n > 0, and all these structures are compatible. Then we 
define the category C|°' m (Y, y) whose objects are quasi-coherent, G m -Oy- 
dg-modules supported on Z, endowed with a compatible action of y. (By 
definition such an object is a direct limit of dg-modules over some quotients 
y I {Zg ■ y) for n 3> 0.) We use the same notation as above for the categories 
of locally finitely generated dg-modules, and for the derived categories. Ob- 
serve that situation (a) is a particular case of situation (b). (Take y to be 
the completion of y.) 

Recall the construction of resolutions by injective G m -equivariant quasi- 
coherent sheaves on Y (see [Bl] ): if T is an injective object of QCoh(Y), then 
Av(J r ) := a^pyT is injective in QCoh Gm (Y), where a,py '■ G m xF->V are 
the action and the projection, respectively. It follows from this construction, 
using the non-equivariant case (see [BMR21 3.1.7]), that any G m -equivariant 
quasi-coherent sheaf on Y which is supported on Z can be embedded in 
an injective G m -equivariant quasi-coherent sheaf supported on Z. Then, 
arguments similar to those of the proof of Proposition 13.3.41 give: 

Lemma 6.6.2. (i) Assume we are in situation (b). Then there exists an 
equivalence of categories D(C| c ' fg,Gm (Y, j>)) V^(C^ Gm (Y, y)). 

(ii) Assume we are in situation (a). Then there exists an equivalence of 
categories V (Cf>*> G ™ (Y, y)) <* V^C^JY, y)) . 

As in Q2.5\ we denote by (1) the shift in the internal grading. 
Lemma 6.6.3. (i) Consider situation (a). For T ,Q € T> ig (C^ (Y, y)), 
Hom Wc qc - Hom I) < 1 c,fg ( y i 3; ) (For T,Fot Q), 

where For is the forgetful functor. 

(ii) Consider situation (b). For T, Q € P fg (Cf ' Gm ( Y, y)), 

©Horn , / „ rG „, - \ (J 7 , G(m)) — Horn , / ~ \ (For J 7 , For Q), 
V l s (c^ (Y, y)) ' x /; V { e[cf(Y,y)) v ' ; ' 

where For is the forgetful functor. 

Proof, (i) Using an open affine covering, we can assume Y is affine, hence 
consider categories of modules over a dg-algebra (see Proposition I3.3.4|) . 
By Lemma l6.6.2l fii). we can assume Q is finitely generated. Using a trun- 
cation functor, we can assume J- is bounded above. Using the remarks 
after Lemma 13.4.51 and the construction of K-projective resolutions as in 
[BH 10.12], we can even assume that T v is finitely generated over y° 
for any p, that for all m € Z we have Horn / \{F,Q(m)) = 
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Horn . i \ (J 7 , Q(m)) (where H denotes the homotopy category), and 

ng \ c G m ( Y 'y>) 

finally that Hom-pqcfg^ WFor J 7 , For Q) = Hom^qc,f g (y i y)(For J 7 , For Q). 
The result follows, since it is clear that 

Hom wq c,f g{ y i3 ; ) (For 7", For Q) 9* © Hom W f g ( c qc (Y y) ) (F, 9{m)). 

Now we deduce (ii) from (i). By Lemma l6.6.2f i) we can assume JF and Q 
are locally finitely generated. Let us prove that for any m € Z the morphism 

(6.6.4) Hom 7?% / c ^, Qm(y; ^(J',0(m)) -► Hom pfe / c , c ^^j (For J* , For Q) 

is injective. It is sufficient to prove that if / : J- — > is a morphism of G m - 
dg-modules such that For(/) = 0, then / = in V^(Cf' Gm (Y, y)). Using 
a non-equivariant analogue of Lemma [6.6.2f i). there exists V in C^ c ' S (Y, ~V) 

and a quasi-isomorphism C? "P whose composition with / is homotopic to 
0. The dg-modules J 7 , Q and V live on a certain infinitesimal neighborhood 
ZW of Z in Y. Applying the injectivity statement in (i) to the scheme 
we obtain that we can choose V and the quasi-isomorphism Q — > V to be 
G m -equivariant. This proves the injectivity of (|6.6.4p . 

The injectivity of the morphism in the lemma follows from the injectivity 
of (|6.6.4p . using the fact that G m acts on Horn^ / qc ^ (ForJ 7 , For(/), 

and that the image of Hom^/ ,0,0,,^ (J 7 , G{™)) nas weight m. The 
surjectivity can be proved similarly. □ 
6.7. Proof of Theorem 16.3.41 By Lemma f5. 2. 3\ we have 
(6.7.1) DGCoh^grVx^ 1 )) - ^ c m fg (£ (1) , 7r*0 ?(1) ® k A(gW)). 

In this section we consider B^ as the formal neighborhood of B^ in g^. 
We have seen in §6.31 that Z)^-^, considered as a coherent sheaf of rings on 

BW c gW, is endowed with a G m -structure. Hence we can consider the 
category P fg (C^f m (5 (1) , ® k A(g«))) as in §6M situation (6). 

Lemma 6.7.2. There exists an equivalence of categories 
23^(B«,^<V)®kA(9W)) - ^(^(gW^^^A^ 1 )))). 

Proof. By Lemma [6.6.11 there exists an equivalence P^ g (B^, 7r^O~(i) (g^ 
A(flW)) P fg (C^ c m (BW, 7r,C ?( i) ® k A( «))). Now vr*7nduces an equivar 
lence^ c m (0( 1 ),O ? a)^kA(g( 1 ))) ^ CgJB™ , ir*0~ w ® k A^ 1 ))). Hence 

Now, using the fact that any object of C(jL(5^j 0~(i) <S> k A(g^^)) has 
its cohomology supported on B^\ we obtain by Lemma [676?2jii) an equiva- 
lenceD^JgM, 0g (1) ® k A(g«))) - 2>(C^ Gm (fl«, 0g (1 >®k A (0 (1) )))- 
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Then, using analogues of the functors F, G of the proof of Theorem 13.4.14 
we have C^' G ~(fl«, 0~ {1) k A( fl W)) = C^ Gm (0« , ® k A(gW)). 

The lemma follows, using Lemma l6.6,2l fi). □ 

We have seen in ^6.31 that (jUg)Q, considered as a sheaf of algebras on the 

formal neig hborhoocS {0} of {0} in Q*^\ is endowed with a G m -structure. 
Hence we are again in situation (b) of N6.61 We simplify the notation for 

the categories of k/g-modules, and denote e.g. by CM' q ^(Uq <S> k A^ 1 ))) the 
category Cgj fg ' Gm (g*W, Wg^ <% A(g (1) )). By Lemma [6X20) we have 

(6.7.3) P(C|5 m (Wg0 k A(g«))) - P f * (C G ™ 0) (Wg ® k A(g«))). 

Recall the remarks before Lemma 13.4.51 Let us consider the following 
forgetful functors (of the internal grading): 

For : V^(Cf- Q) (U Q ® k A( «))) -> 2^ g (W ® k A( «)), 

For : ^(C^&V, ® k A( «))) 2^(C^(g«, ® k A( «))). 

Clearly, the category P fg (C^ 1} (g^, ®k^(B^))) is equivalent to the 

category P^ g (X, P ® k A(gW)) (see Proposition Here X = 

gW Xt«(i) f)*, as in §3.41 By Lemma f6. 6.3( h) we have: 
Lemma 6.7.4. (i) For M,N € P fg (C ( G ™ } (^g ® k A(g«))) ; 

© Hom ^te ) (^ k A( S ( 1 ») ) )( M ' Ar ^)) 

= Hom ^(^ k A( fl ( 1 )))( FOTM ' FOT 

(ii) ForF,g£ P fg (C^(gW, P^ ® k A( fl «))), 

" HoD V^f (X, 5® k A( (i) )) ( For ^' For ^) ' 
Corollary 6.7.5. There exists a fully faithful functor 
RT Gm :^{C^^\v^®^K{^))) -> P fg (Cg- ) (W0® k A(g( 1 )))). 

Proo/. Let us denote by C+$ c ' Gm (0 (1) , P^ ® k A(gW)) the full subcategory 

of Cg) m (gW,I> <S>k A(gW)) consisting of bounded below objects. Using 
truncation functors, with obvious notation, we have an equivalence 
p f g(c +, q c,G m(5 (i )) D^SkAfoW))) = P^C^gM P^A^ 1 )))). 

^This formal neighborhood is also isomorphic to the formal neiborhood of {(0,0)} in 
Spec(3) = x t)»(i)/w b* /{W, •). We do not distinguish these formal neighborhoods. 
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Consider the functor induced by T^ 1 ), — ): 

Let us first show that the derived functor RT + is defined everywhere, i.e. that 
every object of C^ff' m (jJ^, ^ij^rj ®k A(gW)) has a right resolution which 

is split on the right. We claim that every object T € ^g(i) C ' m (fl^> ® k 

A(g«)) has a resolution J^fl where X G C+' 1 q ) c ' Gm (g« , ®kA(fl«)), 

and each X p is acyclic for r(gW,-) : QCohfjW) -> Vect(k). Indeed, let 
= Ua=i X a be an affine G m -stable open covering (e.g. the inverse image 
of an affine open covering of B^). Let j a : X a H J be the inclusion. Then 
there is an inclusion T <— > ©™ =1 (ja)*(ja)*J 7 . Doing the same construction 
for the cokernel, repeating, and taking a total complex, one obtains the 
resolution I. Such a resolution is clearly split on the right. 

By this construction, it is clear that the following diagram is commutative, 
where the vertical arrows are the natural forgetful functors, and the bottom 
horizontal arrow is the functor considered in (j3.4.9f) : 

For | | For 

V(X, V ® k A( fl «)) — 2?(Spec(k), Uq ® k A(flW)). 

Using the results just below (j3.4.9f) . the functor RT + restricts to 

RT Gm : V^C+ff^igW, V {gr) SkAfo* 1 )))) -> ^^(Wfl^A^ 1 )))), 

which corresponds to RT : Vf^ x{Q} (X, £<g> k A(fl«)) -> (W fl ® k A(flW)) 

of (|3.4.10p under the natural forgetful functors. The latter functor is fully 
faithful. Hence, using Lemma 16.7.41 RT& m is also fully faithful. □ 

Using equivalence (|6,7.ip , Lemma 16.7.21 Corollary 16.7.51 and equivalence 
(|6.7.3p . we obtain a fully faithful functor 

DGCoh^((0ry xB £)«) -> ©(cg^cWflOkACflW))). 

To finish the proof of Theorem 16.3.41 we only have to prove: 

Lemma 6.7.6. There exists an equivalence Z?(C^' G ™(ZYg (8>ik A^ 1 )))) = 

P & Mod^ gr ((W ) o ). 

Proof. The natural morphism Wg (g>k A(g( 1 )) -» (ZYg)o -» (^fl)o induces: 

* : P b Mod^ gr ((^g) ) -»• 2?(C[^(W ® k A( «))). 

This functor corresponds to equivalence (|3.4.4p under the forgetful functors. 
We deduce, as in Corollary 16.7.51 that \& is fully faithful. Then one checks 
that \& is essentially surjective by induction on the amplitude of the coho- 
mology of dg- modules, using arguments similar to those of Lemma f3.3.2[ □ 
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7. Simple restricted (ZYcj)°-modules 

In this section we study the LHS of diagram (*) of section [H More pre- 
cisely, we introduce functors &s, and study their action on simple modules. 

7.1. The "semi-simple" functors &$• In this subsection, for each sim- 
ple root 5 we construct a functor &s which "morally" represents, on the 
representation-theoretic side, the complex of functors Id —¥ Rg — > Id. This 
functor has a "semi-simplicity" property (see Proposition 17. 1.2]) . 

Let a G $. Recall the subvariety Y a C Kf x M ( flOjh We denote by & a 
the convolution functor 

F mt^ a) : v b Coh(m) -+ v b Coh(m). 

Now let Qo G 3>aff — 3>- Recall the notation /3, bo of Lemma 16.1.21 We define 

© ao := K bo oS/3 oK (6o) -i. 

These functors stabilize the subcategory D b Cohg(i) (AA 1 )). They will be 
related in §8.21 to the reflection functors of §6.11 

For all 5 G <£aff we have an exact triangle of endofunctors of T> b Coh(M^): 

(7.1.1) © 5 -> K c(si) Id. 

For (5 G $, this follows from (15. 3. 4ft ; for 5 = ao, this is the conjugate of the 
corresponding triangle for f3. 

Now we give a representation-theoretic interpretation of these functors. 
Recall the equivalence eg of (|3.2.4p . and the module Qs(w) defined in (|5.5.2p . 

Proposition 7.1.2. Let w G W°, 5 G ^aff such that ws$ • > w • 0. Then 

&sC w = (ef)- 1 (Q 5 (u;)). 

Proof. The exact triangle (|7.1.ip induces an exact triangle 

(7.1.3) 6 5 (£ w ) ^ K c{ss) (£ w ) ^ £ w 

in P fe Coh B( i ) (.A/' (1) ). Let i : jV ^ be the inclusion. Then u ° ^c(s s ) — 
^c(s s ) °** (Theorem 15.1. 2p . Hence triangle (17.1. 3D induces an exact triangle 

(7.1.4) 7o oi *° & s(£w) -> 7o ° J C(s«) ° i*(At>) -> To 3 ° i*{£w)- 

By construction we have an isomorphism of functors 7q o i, = Incl o eg , 
where Incl is induced by the inclusion Modg g ((W0)°) Mod,g s(Wg). In 

particular, L(w • 0) = 7^ o i*(£ w ). Using diagram (|5.1.3p . we deduce 7^ o 
Jc( ai ) o i^(C w ) = Ic( S(5 )(L(u» • 0)). Hence triangle (|7.1.4p induces a triangle 

(7.1.5) Incl o eg 3 o © 5 (£™) -> I C(ss) (£(w • 0)) -> L(u> • 0). 

Now by definition (see [BMR2, 2.3]), Ic( Sf )(L(w; • 0)) is the cone of the 
natural morphism L{w • 0) — > R$L{w • 0). This morphism is the morphism 
(pj of §5.51 hence lc( Ss )(L(uu • 0)) = Coker(0™ ). Moreover, under this iden- 
tification, the second morphism in (|7.1.5p is induced by tpf. Hence triangle 
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(|7.1.5I) induces an isomorphism Incl o^o &s{C w ) = Qg(w). In particular, 
€q o &s(£ w ) has cohomology only in degree 0; as the restriction of Incl to 
such objects is fully faithful, the result follows. □ 

To finish this subsection, remark that for 5 E there is a functor & s m 
such that the following diagram commutes: 

(7.1.6) T) b Coh G ™(NM) ^X» 6 Coh Gm (j\TW) 

| For | For 

Z^Coh^ 1 )) — >■ V b Coh(M^), 

namely the graded convolution with kernel O (i) (—p,p — 5) (with its natural 

Y s 

G m -structure) if <5 6 $, or the conjugate of the convolution with kernel 
O^i-p, p-P) by Kf Q ii 6 = a . 

7.2. Graded (Wcj) -modules. As in SgT31 we have (see [BMR21 3.4.1]): 

Recall the G m -action on A/W (gO}. The same arguments as in ^6.31 show 
that there exists a G m -equivariant structure on the algebra (Wg)? (the com- 
pletion of (Uq)° with respect to the image of the maximal ideal of 3Fr asso- 
ciated to G 0**- 1 )). We denote by ModQ g,gr ((Wg)°) the category of graded 
(Wg)°-modules with trivial generalized Frobenius central characteiFI. Argu- 
ments similar to those of £ )6.7I prove the following theorem, which gives a 
"graded version" of equivalence (13, 2. 4ft : 

Theorem 7.2.1. There exists a fully faithful functor 

^:V b Co\^ Tl) (N^) -+ V b MoA^{{U Q )% 
commuting with the shifts (1), such that the following diagram commutes: 

P b Coh^(ATW) V b Modf gT ((UQf) 

| For | For 

V b Coh BW (MW) - -P 6 Modo g ((W ) ). 



Now, consider the category Mod[) g ((Z//0) ). By Theorem 15. 6. 11 each simple 
module L(w • 0) (w G W°) can be lifted to a graded module L gv (w • 0) in 
Mod[) g ' gr ((£Y0) ) (uniquely, up to isomorphism and shift). Here our algebra 
is not finite dimensional, but it acts on every module we consider through 
a finite dimensional quotient, hence we can apply Theorem 15.6.11 We fix an 
arbitrary choice for these lifts. 



These modules are modules over the quotient of by a power of the ideal gen- 

erated by f/ 1 '; this quotient is a graded algebra, hence we can speak of graded modules. 
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Let j : B^ ^ , k : £>W ^ be the inclusions. Let also Fr : 
B — > Z^ 1 ) be the Frobenius morphism. Note that if Q G Coh(S^ 1 ^), then 
Fr*(? G Coh(23) has a structure of 2?°-module, induced by the action on Ojg. 

Lemma 7.2.2. For J 7 G Coh(B^) we have isomorphisms 

4{j*F) - RD{B,¥r%{F{p))), - RT(B,¥t b (T( p ))) . 

Proof. It is well-known that {Uq)q P = End k (L((p - l)pj) . It follows, by the 
choice of the splitting bundles, that 

(7.2.3) k*M° Fr.(0 B {p)) ®Fr,o B {H(p - l)p) ®k O b(1) ). 

Here the structure of (Uq)q p -module on L((p — l)p) gives an action of V~ p 
on L((p — l)p) <S>k Ogti) , hence an action of T>° on Fr*(Og(p)) <8pr»o B {L((p- 
By Andersen ( |Alj ) or Haboush ( (Haj ) we have 

(7.2.4) (Fr*(C> B (-p))) ®o a(1) C B(1) (p) L((p - l)p) ® k O b(1) . 

Here the LHS has a natural action of D~ p , and the isomorphism is D~ p - 
equivariant. From (|7.2.3p and (|7.2.4p we deduce 

(7.2.5) (k*M°) ®o bW O bW {-p) - Ft*O b , 

where the structure of P°-module on the RHS comes from the action on B - 
Using (I7.2.5j) and the projection formula, we deduce 

7o B (£:*J-) = i^g^X KF) = RT(B^ ,{Fr m O B ) (T{p))). 

We deduce the second isomorphism. The first one is similar. □ 

We deduce the following corollary, which generalizes some of the compu- 
tations of the appendix to [BMR] . 

Corollary 7.2.6. Let lo G such that £{oj) = 0. Write lo = wt^ (p G X, 

w G W). Then we have C w = j*Og(i) (—p + p) [£{w)\ . 

Proof. By LemmaEM 4 (J*O b w (~P + P)) = RT(B,0 B (pp)). By hypoth- 
esis, w • = w • (pp). Hence w~ l • (oj • 0) = pp. Using Borel-Weil-Bott 
theorem ([JaJ II.5.5-6]), we deduce 

4(3*O bW {-p + pW{w))) * Indg(wO) * L(w.O). 

This concludes the proof. □ 

Proposition 7.2.7. For w G W°, L er (w0) is in the essential image of 4- 

Proof. This proof is similar to that of Proposition l6.5.11 We use induction on 
£(w). For £(w) = 0, by Corollary EM] we have C w ^ j*0 Bm {-p + /*)[£(?)]. 
Clearly, j m O B w {-p+p) can be lifted to P 6 CohJ™ (M {1) ). The result follows 
when £(w) = 0. 

Now assume the result is true when £{w) < n, and let w € W° such 
that £(w) = n. Let 5 G <3? afT such that ws$ G IF and ^(w;^) < £(w). By 
induction there exists £§ r G P 6 Coh^ } (A^ 1 )) such that e B (C gI ) = LS r (ws 5 • 
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0). By diagram (|7.1.6p and Proposition 17. 1.2| the image under the forgetful 
functor (of the grading) of eg (&f m C ev ) is Qs(wss)- By Theorem 15.5.31 
Qs(wss) = L(w • 0) © N where TV is a sum of modules of the form L(v • 0) 
with £(v) < £(w). Hence, by the remarks before Corollary I5.(5.4|, we have 
ef(6j m £sr) ^ L&iw . Q)(i) © 7V gr for some i G Z, where iV gr is a sum of 
modules of the form L(t> • 0){j) with £(v) < £{w). By induction, iV gr is in 
the essential image of ?q . We deduce that L gT (w • 0) is in this image. □ 

Remark 7.2.8. It follows easily from Proposition 17.2.71 that the functor eg is 
essentially surjective. Hence it is an equivalence of categories. 

7.3. Dg versions of the functors Let a € <£, P Q the parabolic 
subgroup of G containing B associated to {a}, p a its Lie algebra, and 
Vol = G/Pa the partial flag variety. We define the variety 

(7.3.1) M a := T*V a = {(X,gP a ) 6g* x V a \ X {g . Pa = 0}. 

There exists a natural injection j a : (Af a x-p a B)^ ^ AA 1 ). We also denote by 

Pa : (A/"q, x-p a B)^ — > A/l 1 ^ the morphism defined by base change. Consider 
the following diagram: 

(M» x Pq B) (A/" Q x-p Q B) 




A/" 

Here to save space we have omitted Frobenius twists. Now (M a x-p a B) 

(M a x-p Q B) is isomorphic to the variety Y a . For A G X, we denote by Shift a 
the tensor product with 0^ (1) (A). Then we have 

shift_ p o e a o shift, = swft_ Q o 

Shift_ Q o (fl(j a )* o i?(p 2 ), o L(p!)* o L0«)*) 

Shift_ a o (fl(j a ), o L( Pa y o i?( Pa ), o L(j a )*). 



Here the third isomorphism is given by the flat base change theorem ( }H2I 
II.5.12]). In Corollary [233] we have constructed functors associated to j a \ 

R Uc Gm )* 

DGCoh gr ((AA a x Pq g)W) ; = ^ BGCoW (M^) . 

£(iaG m )* 

Similarly, in Corollary 12.4.41 we have constructed functors associated to p a : 
DGCoh gr ((A/" Q x Po g)W) ; = — D GCoh gr (jVa ) • 
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We define the functor S| r : DGCoh gr (A/" (1) ) -> DGCoh^AA 1 )), which 
sends the object M to 

B m (p-a)® {RU aG J*L(K G J*R(pZ G J*LU aG J*(M ® (-/>))) . 
Using the isomorphism above, the following diagram commutes: 

~ 6 gr ~ 

DGCoh gr (A/"^)) 2 »» DGCoh^^W) 

For J, | For 

Z^Coh^ 1 )) — *- V b Coh(NW). 

The following diagram also commutes, where rj and £ were defined in §4.21 

(7.3.2) ^Coh^A/W) DGCoh^W) ^Coh 6 ™^ 1 )) 

eg m { „e| r |e« m 

P 6 CohJ™(.Af«) DGCoh^M) D'Coh 6 -^ 1 )) 

Indeed, the commutation of the diagram on the right is a consequence of 
Lemmas 12.4.31 [2.5.21 the commutation of the one on the left follows. 

Now we construct a ^-action on DGCoh gr (A/" (1) ): for b 6 B' aS we define 

Kf : DGCoh gr (./V' (1) ) DGCoh gr (.A/' (1) ) 

by the formula Kf := Shiftp o k^ 1 o Jf ok b o Shift_ p (see (|3.1.ip for the 
Koszul duality Kg). Here, Shifty is the shift by B (i)(X). 

Consider the affine simple root «o £ ^aff — Recall the notation P 
from Lemma 16.1.21 Then we define the functor 

(7-3-3) 6£:=Kgo6f oKg,,.,. 

It is not clear from this definition that the diagram analogous to (|7,3.2p is 
commutative. We will consider this issue in £)8.31 



8. Proof of Theorem 14.4.31 

In this section we prove the key-result of our reasoning, Theorem 14.4.31 
The main step is to relate the functors 9\s and &S via linear Koszul duality. 

8.1. Alternative statement of the theorem. First, let us state a version 
of Theorem 14.4.31 in representation-theoretic terms, i.e. involving lifts of Uq- 
modules instead of coherent sheaves. Recall the Koszul duality of (|3.1.ip . 
Recall also that the functor 7q is fully faithful (Theorem I6.3.4j) . and that its 
essential image contains the lifts of projectives (Proposition I6.57TT) . Hence, 
if v £ W°, for any choice of a lift P gr (v • 0) of P(v • 0) as a graded (Wjj)q- 

module, there exists an objec 43 Tf of DGCoh gr ((5rVxe£) (1) ), unique up 
to isomorphism, such that P gr (v • 0) = 7^('Pf r ). The same applies to the 
functor ?q of Theorem 17. 2. 11 replacing projective by simple. 



18 As observed in i]4.4l this object does not depend on the choice A = 0. 
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Theorem 14.4.31 is clearly equivalent to the following statement, which we 
will refer to as statement (J). It will be proved in §8.41 

Assume p > h is large enough so that Lusztig's conjecture is true. 
There is a unique choice of the lifts P gT (v • 0), L gI (v • 0) (y G W°) 

such that, if V^f , resp. Cf is the object of DGCoh^g n s * xB £)«), resp. 
^Coh^A^ 1 )), such that P&(v0) ^®{Vf), resp. L&(v0) ^?f(£f), 
for all w G W° we have in the category DGCoh^AA 1 )): 

(8.1.1) K ^V% W = ((£%)®o BW Bil) (- P ). 

Let us remark that the functors 7^, eg and k b commute with the shifts in 
both the cohomological and the internal grading. The functor £ (of Lemma 
14.2. ip commutes with the cohomological shift, but not with the internal one. 
More precisely, for T G Z^Coh^ (A/"W) one has ({T{j}) = C{F)[j]{j). The 
unicity in Theorem 14.4.31 follows easily from these remarks, using the fact 
that each lift P gv (v • 0), L gr (u • 0) (v G W°) is unique up to a shift (j). 

The proof of the existence statement occupies the rest of this section. 

8.2. Koszul dual of the reflection functors. Our proof of statement (J) 
is based on the following result, which shows that the reflection functor 9t| r 
is (almost) conjugate to the semi-simple functor (3| r under Koszul duality. 

Theorem 8.2.1. For 5 G there is an isomorphism of functors: 

(kb)' 1 o 9\f o KB 2* Shift_ p o &f o Shift p [1](2). 

Proof. By definition of 9t| r (equation (|6.2.ip ) and 6| r (equation (|7.3.3p ). 
it is enough to prove the isomorphism for 5 G <£. From now on we write a 
instead of 5. We derive the theorem from the general results of § §2.4l [231 

First, consider the inclusion of vector bundles j a : {j\f a x-p a £>)W ^ AM 1 ). 
We apply to this inclusion the constructions of §2.51 with X = B^\ E = 
( * x B)W = E*, Fi = {N a x Va £)«, F 2 = AfW. Then we have 

^l 1 = (da x Pq Bf\ F^=q {1 \ m = dim(g/b) - 1, n 2 =dim( /b), 
A = A ni (-^i) = Bil) (-2p + a), C 2 = A n2 (F 2 ) = O b(1) (-2 p ). 

We denote by vr^i : (0rVxZ3#) (1) ((g Q x Va B)n g * xB B) {1) the mor- 
phism of dg-schemes induced by the inclusion 0^' c — >• (0q, x Va B)^\ and by 
n a the "new" Koszul duality, as shown in the diagram: 

DGCoh^AA 1 )) _ DGCohs r ((A" a x Va B)W) 

KB I I K a 

* ii ( 7r «,l Gm )* » 

DGCohs r ((0n r xe B)W) 5=== t DGCotf r (((0 Q x Pa B) n B *xsB) (1) ), 
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where the functors are defined as in §2.51 Applying Proposition 12.5.41 one 
obtains isomorphisms of functors 



.2.2) 



K a °L(j aGm )* = R(TT a ,l Gm )* o K B , 

KB°R(j aG J* = (H^gJ* ok ") ®O b (i) BW (a)[-l](-2). 



Now, consider the base change p a : (J\f a x-p Q B)^ — > Ma \ We apply 
the constructions of N2.4I to this base change, with X = B^\ Y = (Vap 1 ' , 
E=(q*x P q )W, F = Sfi l) . We denote by ^ : ((g a x Va B) n B * xbS) {1) 

(s« Hg*x-p a "Pa) the morphism of dg-schemes induced by the base change 
fl« xp Q B -> j Q . Let K a be the "new" Koszul duality equivalence, as shown 
in the diagram 

DGCoh gr ((A^ x Po B)W) - = — DGCoh sr (A/l ) 

| / ( 

DGCoh^(((5 a x Pa B) n r xB B)W) i = " / DGCohs r ((5 Q n rx p Q p Q )( 1 )), 

i(>fa, 2 Gm ) 

where the functors are defined as in H2A\ Applying Proposition 12.4.51 one 
obtains isomorphisms of functors 



3.2.3) 



R{lT a ,2 G J* OK a ^ K a O R(p aGm )*, 



Consider the morphism n a . The composition q Q a x-p a B -» Q a co- 
incides with TT a . Hence 7r a = tF^~ 2 ^l- It follows that i?(vr ai G m )* — 
^(V Gm )> o fl( y Gm )« an d £(^ Q ,G m )* = £(^i G J* o L(7r^ Gm )* (see 
fLT77]> ). Hence ([8X21) and ([OH allow to compute (k^)" 1 o <H| r o k# = 
^(^a,G m )* ° ^(^a,G m )* ° Namely, we obtain isomorphisms 

(KBT 1 O £(*«,gJ* = (^(jaG m )*°M^G m )*°(^)" 1 )®^)(-«)[l](2)- 

Comparing this with the definition of S| r in §7.31 one obtains the isomor- 
phism of the theorem. □ 

8.3. Action of the braid group on DGCoh gr (AA (1) ). Recall that we have 
defined in actions of ^ ff on V b Coh Gm {M^) and DGCoh^A^ 1 )). 

Consider the following diagram, where r\ is the functor of §4.2t 

_ K gr „ 

DGCoh^CJVA 1 )) »» DGColr^AA 1 )) 

V b Coh Gm (M^) >■ V b Coh G ^(M^). 
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Lemma 8.3.1. For any M G DGCoh gr (./V (1) ) ; there exists an isomor- 
phisn^ T] o Kf(M) = Kjf m o n(M). 

Proof. It is sufficient to prove the isomorphism on a set of generators of . 
For b = 9 X ( x G X), it is obvious. Hence we only have to prove it for b = T a . 
Fix a G By Lemma 16.2.44 there is a distinguished triangle 

Id(l) -> Shift p o (Kg)- 1 o <K gr ok b o Shift_ p (-1) K£. 

Using Theorem E2H for .M in DGCoh^^ 1 )) we obtain a distinguished 

(8.3.2) r,(M)[-l)(l) -+ rj o 6| r (X)(l) -»■ 77 o K^(A^) 

(observe that n{F{j)) = f]{F)[- . By (|7.3.2j) we have r/o©| r = &^ m oij. 
Now the exact sequence (|5.3.4p induces a distinguished triangle of functors 

(8.3.3) ©a m (l) -> -»■ Id(l). 

Identifying triangle (I8.3.2P with triangle (j8.3.3H applied to rj(A4), one obtains 
the isomorphisms for b = T a . □ 

Remark 8.3.4. It follows in particular that diagram (|7.3.2p . with a re- 
placed by ao, is commutative on objects. In particular, for any A4 G 
DGCoh^A/W) there is an isomorphism rj o (5| r (.A/f) = o r/(M). 

8.4. End of the proof of Theorem 14.4.31 In this subsection we finally 
give a proof of the existence statement in (|), by induction on £{w). 

To begin induction, let us consider some w G W° with £(w) = 0. Write 
w = v- t ft . By Corollary 17.2.61 C w = j*0 B (i) (— p + ^i) [£(«)]. Let us set 

^ ■= j*O em (-p + p)[t(v)](N - t(v)}, 

where N = and j*0 B (i) is endowed with its natural (trivial) G m - 

equivariant structure. Then L gr (w • 0) := ?q (£ gr ) is a lift of L(w • 0) as a 
graded module. By definition of Koszul duality (see ()3.1.2p ) we have 

K B {aCZ)®0 BW (-p)) - A(7^ 1) )®o B(1) O B (i)0x)(-JV-^(t;)>. 

We set 

V% w ■= A(T B V (1) ) ®o a(1) O bW (jm)(-N - £(v)). 

By ([5X5]) . P sv (t w • 0) := ^{V% w ) is a lift of P(r w • 0) as a graded 
module. Moreover, (|8. 1 . 1 [) holds. This concludes the proof if ^(tu) = 0. 

Now, consider some w G and assume the result is known for all 

v € W° with £(?;) < l(w). For all such v, we fix the objects L gI (v • 0), 
P gr (rof • 0), £fi r , "Pfpt, such that ([8.1. ip is satisfied. Choose some 5 G 3> a ff 
such that, for s = s,5, one has ws G W° and ws»0 < w0, i.e. £(ws) < £(w). 
In particular we have k b (((£ws) ® p)J = Vtqws- Applying 9lf r and 

using Theorem 18.2.11 it follows that 

(8.4.1) KB(GfoC(£*)<8>OM(-p))[l](l) = nfV? 0WS (-l). 

^It is not clear from our proof whether or not these isomorphisms yield an isomorphism 
of functors. This is not important for our arguments, hence we will not consider this issue. 
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As in the proof of Proposition 16.5.1] the image under the forgetful functor 
of Jo^Y'Ptows) is RsP{tqws • 0); hence there exists a lift P sr (row • 0) of 
P(tqw • 0), and graded finite dimensional vector spaces V T0V such that 

(8.4.2) 7o B W^J(-l> = P sr (r w0)®{ P sr (r v .0) ® k V T0V ). 

vew° 
t(v)<e(w) 

Now let us consider the LHS of equation (|8.4.ip . By (|7.3.2p and Remark 
15X41 we have 6f o C (£§?«) = ( o ©® m (£fjL). As in the proof of Proposition 
17.2.71 the image of ?q (Gf^Cws) under the forgetful functor is Qs(ws). Hence 
there is a lift L gr (w • 0) of L(w • 0) as a graded module, an object Q gr of 
P 6 Cohg™ (AA 1 )), and an isomorphism 

Let £g, r be the object of V b Coh^™ (AfW) such that $j(£g) = L&(w • 
0). Then is a direct summand of &f m £w S {l), hence k b (C(Cw) ®O b( i) 
Og(i) (— p)) is a direct summand of the LHS of (|8.4.ip . thus also of its RHS. 

Let us define V% w := k b {C{J~-w) <8>o (1) B (i){— p)). To conclude the in- 
duction step, it is enough to prove: 

(8.4.3) = P Sr (rowO). 

By definition, Vtq W is a direct summand of ^\fPrlws{— 1). Hence Jo (Prow) 
is a direct summand of (|8.4.2p . In particular, it is a graded (£/0)o-module. 
Let us show that it is indecomposable. By Proposition 15. 6. 2H ). it is enough 
to show that its endomorphism algebra is local. This algebra is 

^ d vmo^ {mo) (^(KJ) = End DGCohgr(( ^ e , xe6) , 1)) (^) 

- End ^Coh«-(^M)(^ r ) - End ^Mod ^«W g n( Lg >* )) - k ' 

Here the first isomorphism follows from the fact that 7^ is fully faithful; the 
second one from the fact that k b and £ are fully faithful; the third one from 
the fact that is fully faithful. Hence Jq{Ptqw) is indecomposable. 

By the Krull-Schmidt theorem (see Proposition 15. 6. 2l fii)). Jo (Prow) is one 
of the indecomposable summands appearing in the RHS of (|8.4.2p . Hence, 
to conclude the proof of (|8.4.3p it is enough to prove that there cannot exist 
i G Z and v S W° with £(v) < £(w) such that ^(P% w ) = P si (t v • 0)(i). 

Let us assume that there exist such an i and such a v. By induction we 
have P&(tovO)(i) 7oWo^>), and P^ v {i) KB (((£f)®G Bil) (- P M). 
Hence, as 7^, Kb and ( are fully faithful, we have Cw = C% v [—i]{i). Applying 
eg one obtains L gv (w • 0) = L gr {v • 0)[— which is a contradiction as 
w/w. This concludes the proof of (J), hence also of Theorem 14.4.31 
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8.5. Remark on other alcoves. In Theorem 14.4.31 the objects C w and 
V w correspond to simple and projective modules for any choice of A G Co, 
i.e. they are the simple, resp. projective, objects for the i-structure on 

P 6 Cohg ( i) (AA (1) ), resp. DGCoh((g n g * X £ #) (1) ), assigned to the fundamental 
alcove (see [B2[ 2.1.5] for this point of view). We could also consider the 
simples and projectives for the t-structure assigned to another alcove C\, 
i.e. the objects which are sent by the equivalence , resp. 7^, to the simple, 
resp. projective, modules, for any A G C\ n X. The different t-structures 
are related by the braid group action, which commutes with Kg (see Lemma 
18.3. lj) . Hence a statement similar to Theorem 14.4.31 is true for any alcove. 
We will need this extension later to prove Koszulity of singular blocks, but 
it is not needed in section [9j 

More precisely, let C be the intersection of an alcove with X. Let y G Waff 
be the unique element such that C = yC®. Then there exist unique objects 
Cl G V b Coh BW (M^), Vl G DGCoh((gn rxB S)( 1 )) (w G W°) such that 
for any A G C and w G W° we have 

(8.5.1) 4{Cl) - ^.(^.A)), TITO = P{w.{y- l .\)). 

(In this formula, • A G Co-) Indeed, there is an element y G B' aS such 
that jf = 7^-1. A Q Jy for any A G C (see [B2| and |BMR2l section 2]). 
Here y is not unique, but the functor Jy is clearly unique. Then, if we set 
Cl := KI 1 ^) and Vl := (J^)" 1 ^), isomorphisms are satisfied. 

Then the following theorem holds true: 

Theorem 8.5.2. Assume p > h is such that Lusztig's conjecture is true. 
There is a unique choice of lifts ofV%, £^' gr of C% (v G W°), such that 
for w G W°, K^V'^ = C(C^) ®o B{1) BW (-p) in DGColr^A/W). 

Indeed, put := (K^)" 1 ^) and := (jf'^iVi). Then 

the isomorphism of the theorem follows from the fact that Kg and £ commute 
with the braid group action. 

Similarly, for A G C there are "graded versions" of e^, 7?, with properties 
similar to those of eg, 7Q 3 . 

9. Application to Koszulity of the regular blocks of (Uq)o 

In this section we derive from Theorem 14.4.31 (or rather from the equiv- 
alent statement (J) of ^8l\i that, for A G C , the category Mod[f((Wg) A ) 
is "controlled" by a Koszul ring, whose Koszul dual controls the category 
Mod*((Wg) ). These results are counterparts in positive characteristic of 
the results in [Sit IBGSj : they also extend some results of [AJS} §18]. We 
deduce this property from a general criterion for a graded ring to be Morita 
equivalent to a Koszul ring, proved in §9.21 



72 



SIMON RICHE 



9.1. More on graded algebras. Let A be a Z-graded ring. Recall the 
notation of §5.61 Following [NQj . if M E Mod gr (j4), the graded radical 
rad gr (M) of M is the intersection of all maximal graded submodules of M. 
With this definition, rad gr has all the usual properties of the radical (see 
[NO} A. 1. 7. 4]). In particular, if A is considered as an A-module via left 
multiplication, rad gr (j4) is a graded two-sided ideal of A, and 

(9.1.1) rad gr (^) = p| Ann(X). 

XeMod gr (A) simple 

From now on in this section we restrict to the following situation. Let 
V be a graded finite dimensional k-vector space, concentrated in positive 
degrees. Let S(U) be the symmetric algebra of V; it is naturally a graded 
k- algebra, concentrated in non- negative degrees. We assume that A is a 
graded S(U)-algebra, which is finitely generated as an S(U)-module. Note 
in particular that the grading of A is bounded below. 

Consider the finite dimensional graded k-algebra A := A/(V ■ A). By 
Theorem 15.6. lf ii) and Corollary 15.6.41 the simple A- modules are exactly the 
images of the simple graded A-modules under the forgetful functor. Com- 
paring (|9.1.1j) with |CRt 5.5], we deduce that 

(9.1.2) rad(Z) = rad gr (A). 

A proof similar to that of [CRl 5.22] yields the following result. 

Proposition 9.1.3. (i) The morphism A — >• A induces an isomorphism of 
graded rings A/rad gT (A) = ]4/rad gr (A). 
(ii) For k > 0, (rad gr (.4)) fe C V ■ A. 

We denote by Hom^^M, N) the morphisms in Mod gr (74), and the cor- 
responding extension groups by Ext^ z (Af, N). By |AJSl E.6] we have: 

Lemma 9.1.4. (i) Let M £ Mod fg,gr (A). If M is indecomposable in the 
category Mod fg ' gr (^4), then End J 4 i ^(M) is a local algebra. 
(ii) The Krull-Schmidt theorem holds in Mod fg ' gr (^4). 

If L is a simple graded A-module, then V -L = (because L is bounded be- 
low). Hence the simple graded A-modules are the simple graded A- modules. 
Let L\, . . . , L r be representatives of the simple non-graded ^-modules, and, 
for i = 1 . . . r, let Lf T be a lift of Li as a graded yl-module (which exists by 
Theorem I5.6.1l fii)). Using Corollary 15.6.41 and Theorem I5.6.1f iv). the Li(j) 
are representatives of the simple graded A-modules, hence also of the simple 
graded ^-modules. As the ring A/r&d(A) is semi-simple ( |CR[ 5.19]), using 
(|9.1.2j) . Proposition I9.1.51 fi) and Corollary 15.6,41 every graded ^4/rad gr (^4)- 
module is semi-simple in Mod fg,gr (^4/rad gr (A)). Using also Lemma 19.1.41 
every object of Mod fg,gr (A) has a projective cover. For i = 1 . . . r, let Pf r 
be a projective cover of Lf . We have 

(9.1.5) Lf = ifVrad^if"). 
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For M in Mod gr (A) and i > 0, we define rad gr,i (M) by induction, setting 
rad gr '°(M) = M, and rad^M) = rad^rad^-^M)) if i > 1. 

Lemma 9.1.6. Let M 6e an o&jerf of Mod fg,gr (,4). 

(i) rad gr (M) = rad gr (A) • M. 

(ii) a> rad g ^(M) = {0}. 

Proof. The proof of (i) is similar to that of \CR\ 5.29]. As A is noetherian 
we deduce that rad gr '*(M) = (rad gr (A)) i • M for i > 0. Then (ii) follows 
from Proposition I9.1.3f ii) and the fact that M is bounded below. □ 

9.2. A Koszulity criterion. Recall that a Koszul ring A = (J)n>o is 
a non-negatively graded ring such that Aq is a semi-simple ring and the 
graded left A-module Aq = A/A^ admits a graded projective resolution 

► P 2 -> P 1 -> P° -> A ->■ 

such that P l is generated by its degree % part, for all % (see jBGSJ). If A is 
a Koszul ring, then its dual Koszul ring is the graded rinspl 

A [ := (e n > ExQ(A ,A )) op 

(here the Ext-groups are taken in the category of non-graded A- modules). 
If Ai is an Ao-module of finite type, then A' is also a Koszul ring. If A is a 
ring, one says that A admits a Koszul grading if it can be endowed with a 
grading which makes it a Koszul ring. If A is artinian, this grading is unique 
up to automorphism if it exists ([BGS, 2.5.2]). 

The main result of this subsection is the following. 

Theorem 9.2.1. Let A, Li, Lf T be as in £19.11 Assume one can choose the 
lifts LY such that for i,j = 1, . . . , r, 

(9.2.2) Ext^ )Z (Lf ,Lf{m)) = unless n = m. 

Then there exists a Koszul ring B which is (graded) Morita equivalent to A. 
If L = ©™ =1 £i, then B l is isomorphic to (© n>0 Ext^|(L, L)) op . 

The proof will occupy the rest of this subsection. Assume that (|9.2.2[) is 
satisfied, and let Pf v be the projective cover of L gr . 

Lemma 9.2.3. For n > and i = 1 . . . r, rad gr ' n (P gr )/rad gr ' n+1 (if r ) is a 
direct sum of simple modules of the form L gr (n) (j G {1, . . . , r}). 

Proof. We prove the result by induction on n > 0. It is clear for n = 0, by 
(|9.1.5p . Let n > 1, and assume it is true for n — 1. The graded A-module 
rad gr ' n (P gr )/rad gr ' n+1 (if r ) factorizes through an ^/rad gr (A)-module. Hen- 
ce it is semi-simple, hence a direct sum of modules L gr (m) (j € {1, . . . ,r}, 
m£Z). The multiplicity of L gr (m) is the dimension of the vector space 

Honu, z (racF' n (Pf r )/rad gr '" +1 (/f r ), Lf{m)) S Hom.4 iZ (racF' n (Pf' ), Lf(m}). 



A Koszul ring is in particular a quadratic ring, and the dual Koszul ring is also the 
dual quadratic ring. The definition chosen here in easier to state, though less concrete. 
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Hence we have to prove that Hom A) ^(rad gr ' n (P gr ), L gr (m)) = for m / n. 
Consider the exact sequence 

rad gr ' n (P gr ) rad^™" 1 (Pf) -» rad gr ' n ~ 1 ( j P i gr )/rad gr ' n (i^ gr ). 

For j 6 {1, . . . , r} and m G Z, it induces an exact sequence 

-> Hom AiZ (rad gr ' n ~ 1 (^ gr )/rad gr ' n (i^ gr ),L gr (m)) 

A Hom^rad^-^Pf ),Pf (m» -> Hom AZ (rad gr '" (P gr ), Lf (m)) 
4Ext3 1)Z (rad gr '"- 1 (if r )/rad gr ' n (Pf),Lf(m)). 

By usual properties of rad gr , / is an isomorphism. Hence g is injective. 
Moreover, using induction and ()9.2.2|) . the last term is unless m = n. □ 

We define P gr := 0[ =1 P gr , and B := Hom A (P gr , ps r )°P. As P gr is finitely 
generated, B is naturally graded, with n-th component 

P n :=Hom A , z (P g »,P gr ) * Hom A , z (P gr , P gr (-n}). 

Now we prove, as a corollary of Lemma 19.2.31 

Corollary 9.2.4. The algebra B is non-negatively graded. 

Proof. We have to prove that Hom AjZ (P gr , P gr (n)) = for n > 0. Let n € Z, 
and / : P gr — >■ P gr (n) a non-zero morphism. By Lemma l9.1.6f ii). the set 7 = 
{i > | /(P gr ) C rad gr,i (P gr (n})} is bounded above; let i = max(J). Then 
/ induces a non-zero morphism g : P gr — >• (rad gr ' J (P gr )/rad gr,i+1 (P gr )) (n). 
By Lemma 19.2.31 we must have n = —i. □ 

The algebra B is finitely generated as an S(V)-module, hence noetherian 
(even as a non-graded ring). If M G Mod fg,gr (A) , then Hom A (P gr ,M) is 
naturally a graded P-module (see \AJS\ E.3]). By [AJS1 E.4] we have: 

Proposition 9.2.5. There is an equivalence of abelian categories: 

f Mod fg ' gr (^) Mod fg ' gr (P) 
\ M ^ Hom A (P gr ,M) ' 

We denote by Sf r the image of L gr under this equivalence; it is a simple 
graded P-module, one-dimensional, concentrated in degree 0. By (I9.2.2p . 

(9.2.6) Ext£ )Z (Sf, «S gr (m}) = unless n = m. 

Lemma 9.2.7. The (non-graded) ring Bq is semi-simple. 

Proof. Let Si be the image of Sf under For : Mod gr (P) ->■ Mod(P). By 
Corollary 19.2.4^ the Si are representatives of the simple Po-modules. Now 
if Sj ^ M — » Si is a non-split Po-extension, we can consider M as a 
graded P-module concentrated in degree 0, where B acts via the quotient 
P/P>o = Po- Then the exact sequence yields a non-split graded P-extension 
of Sf by Sf, contradicting dSTBl) . □ 

Proposition 9.2.8. B is a Koszul ring. 
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Proof. Apply [BGSl 2.1.3], using Corollary EZM Lemma EZ21 fliTO]) . □ 

To conclude the proof of Theorem 19.2. 1\ we only have to compute B\ 
The graded P-module B is semi-simple, and Sf r occurs in this module 
with multiplicity dimk(HoniB,z(-Bo) Sf 1 )) = dimn t (5f r ) = 1. Hence 

(B'r p = 0Ext£(P o ,P o ) = 0Ext^(05f,05f(m}). 

n n,m i i 

Then the result follows from Proposition 19.2.51 

9.3. First consequences of Theorem 14. 4. 31 We return to the setting 
of statement {%) (see §8.ip . and choose the lifts VE , P gI (w • 0) and £f; r , 
L gr (v • 0) as in the statement. Let v, w € W°, and i,j € Z. As the functors 
6q , C, Kg and 7^ are fully faithful, and using (|8.1.ip . we have: 

Hon VModj^((w )O)( Lgr ( v • °). LSr ( w • 

= Horn fl , , (K B (C(£g)®0„ti)(-p)), 

DGCohS r ((5nS)( 1 )) V vsv ; 61 n HJJ 

= Hom ^Modg-( (W0 ) o ) ( pgI (^v • 0), P^fo" . 0)[i + i](j» . 
As the objects P gr (— ) are projective, from these isomorphisms we deduce: 

Proposition 9.3.1. Keep the assumptions of Theorem 14.4.31 Let v,w £ 

W°, and i,j E Z. M^e /mi>e 

Hon VMod^ gr ((w )O)( Lgr ( v * °)> Lgr ( w * °)[*]0'» = unless i = -3- 
Using the isomorphisms 
®i>0^4 a) o(L(vmO),L(wQ)) * 

Hom^P^.O^P^.O)) - 

©iez H ^Mo4-(( W0 )o ( pgr (^ * 0), ^> • 0)(i)) 

(where we use [BMR1 3.1.7] to identify the Ext groups m Mod fg ((W 5 )°) and 
in Mod ig ((Ug) )), we also deduce the following: 

Proposition 9.3.2. Keep the assumptions of Theorem ^ .4. 31 

(i) Let v, w G W . There exists an isomorphism 

0Ext i {Wg)O (L( V .O),L( W .O)) * Hom (Wfl)o (P(T «.0),P(r «;.0)). 

(ii) Lei L := w6W o L(u; • 0) and P := © m6iy0 P(u) • 0). There exists 
an algebra isomorphism 

Ext^ g)O (L,L)-End (W0)o (P). 
Note that (ii) is a modular counterpart of (S 1 1 Theorem 18]. 
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9.4. The ring A^. The arguments for this subsection are taken from [BM^ 
§5.3.1]. Recall the vector bundle A4° on the formal neighborhood of B^ 
in g^ 1 ) defined in §3.21 Let A4q be the restriction of A4° to the formal 
neighborhood of B^ in AA 1 ). (This is the splitting bundle involved in the 
definition of .) In §6.31 we have endowed hence also with a G m - 
equivariant structure. As the action of G m contracts J\f^ to the projective 
variety B^ , there exists a unique G m -equivariant vector bundle Mtf on 

AA 1 ), whose restriction to the formal neighborhood of B^ is M®. 

Consider the algebra Atf := Y{Sf^\£nd Q ^ w (M^)). This is a S(gW)- 
algebra, and it is finitely generated as a S(g( 1 ^)-module (because the mor- 
phism AA 1 ) —7- gA 1 ) is proper). For any S(g^ 1 ^)-algebra A, we denote by 
Mod^A) the category of finitely generated ^4-modules, on which the im- 
age of acts nilpotently. As the algebras A^ and (Uq)° have the same 
completion at the central character G 0*^ , we have an equivalence 

(9.4.1) Modjf(^) - Mod^g) ). 

Observe also that A has a natural grading, induced by the G m -equivariant 
structure on M. j^. 

9.5. Koszulity of regular blocks of (Uq)q. One of our main results is the 
following. It is a modular counterpart of [BGS1 Theorem 3.9.1]. 

Theorem 9.5.1. Assume p > h is large enough so that Lusztig's conjecture 
is true, and let A € X be regular. 

There exists a Koszul ring Bjg, which is a S(Q^)-algebra, and equivalences 

Modjf(B B ) 9i Mod[f((^g) A ), Mod fg ((5 B ) ! ) * Mod^((U e ) ). 

In particular, the ring (Uq)q can be endowed with a Koszul grading. 

Remark 9.5.2. The fact that the category Mod^((Wg)o) is equivalent to the 
category of modules over a Koszul ring was proved in [AJSj 18.21]. Their 
proof relies on the computation of the Poincare polynomial of (Uq)q. The 
fact that the dual Koszul ring "controls" the category M.od Q g ((Ug) x ) is new. 

Proof of Theorem \9. 5.1\ As Cq is a fundamental domain for the action of 
VFaff on regular integral weights, we can assume A £ Co. Then, as the cat- 
egories Mod^ g ((Wg)o) and Mod[) g ((Z//g) A )) do not depend, up to equivalence, 
on the choice of A G Cq (use translation functors), we can assume A = 0. 
By definition (see §9.4[) . the algebra Aj^ can be endowed with a grading; 

let A~t be Aj^ with this grading. We define the category ModQ g ' gr (yT~ ) as 
above. Then, as in (19.4. 1 [) . we have an equivalence 

(9.5.3) Mod[f' gr (A±) Mod[, g ' gr ((Wg) ). 
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Now, let A~^. be Aj^ with the opposite grading. This is a finite S(fl^)- 
algebra, with gW in degree 2. There is an equivalence Mod gr (^T~) = 
Mod gr (^4^) inverting the grading. Hence, using equivalence (19. 5. 3D and 
Prop osition 19 . 3 . ll the assumptions of Theorem 19.2.11 are satisfied by A~^. It 
follows that there exists a Koszul ring Bq, Morita equivalent to A~^. By 
(|9.4.ip . the first equivalence of the theorem is satisfied. 

Again by Theorem 19.2.11 and equivalence (|9.4.ip . with the notation of 
Proposition E221 we have (B B )- ^ (0 n Ext^ )0 (L, L))° p . By Proposition 
I9.3.2f ii). this ring is isomorphic to (End(^ g ) (P)) op , which is Morita equiv- 
alent to (Wfl)g ([Ba]). This gives the second equivalence. 

Finally, the second assertion of the theorem follows from the second equiv- 
alence (and the fact that Bg is Koszul), using |AJSl F.3]. □ 

10. Parabolic analogues: Koszulity of singular blocks of (Uq)o 
In this section we extend the results of sections El [9] to singular weights. 

10.1. Review of some results of [BMR2J. Let P C G be a standard 
parabolic subgroup, V := G/P the associated flag variety, p be the Lie 
algebra of P, pp the half sum of the positive roots of the Levi of P, and 
N-p := dim('P). Recall the variety Qp introduced in §3.21 Let us also consider 

M v := T*V = {(X,gP) G g* x V \ X [g . p = 0}. 

We have already considered this variety in (|7.3.ip in the special case P = P a . 
Under the isomorphism Q — Q* , Qp identifies with the orthogonal of Afp in 
g* x V. Hence we have a Koszul duality (see Theorem 12. 3. 10p : 

Kp : DGCoh gr (jVp 1 ' ) ) ^ DGCoh ev ((Qpn s * x pV)( iy ). 

Choose jj, G X, on the reflection hyperplanes corresponding to the para- 
bolic P, and not on any other reflection hyperlane (for Waff)- By Theorem 
13.4.141 we have an equivalence of categories 

% :DGCoh((0 7 ,(V x7 ,7>)( 1 >) ^ P b Mod|f(^g)o). 

Now let X-p be the sublattice of X consisting of the A € X such that 
(A,a v ) = for any root a of the Levi of P. For A G X-p, let : = 
Op(X) ®o v T^v ®o v Op(—X) be the sheaf of twisted differential operators 
on V (as in [BMR2} 1.10]). Let A G Xp be regular. We will assumed that 

(10.1.1) i?T(Dp) = for i > 0. 

Then we define U$ := r(2)£). 



This condition is satisfied in particular if char(k) is greater than an explicitly com- 
putable bound depending on G and A (see BMR2, 1.10.9(h)]). 
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We denote by Mod s (Up) the category of finitely generated C/p-modules 
on which the central subalgebra T(Afp , O^(i)) (the image of the center of 
Dp) acts with trivial generalized character. By [BMR2. 1.10.4] we have: 
Theorem 10.1.2. Assume (jlO.l.lj) is satisfied. There exists an equivalence 
P 6 Coh 7 , {1) (7v^ 1) ) ^> D 6 Mod g (£/£). 

This theorem gives a representation-theoretic interpretation for the cat- 
egory DGCoh gr (A/p 1 ^). As in Theorem 13.2.21 the equivalence of Theorem 
110.1.21 depends on the choice of a splitting bundle. We choose it as in 
[BMR21 1.10.3], and denote by the equival ence associated to A. Let us 
remark that for V = B we have U$ = (Uq) x , but Tf = ef_ pp (see [BMK21 
1.10.5], and compare with the proof of Lemma [7.2. 2p . We deduce (see §3.2p : 

(10.1.3) Tf(T) = ef(F ® „ (1) 0~ w (-p)). 

There is a natural morphism of algebras <j) v : (Uq) x — > Up, induced 
by the action of G on V (see |BMR2l 1.10.7]). We denote by : 
D 6 Modjf(£/.£) ->• P 6 Mod g ((Wg) A ) the corresponding "restriction" functor. 
Consider the diagram 

„ j-p — p-p ~ 

M ■* — % y-vB — ^ Mp, 

where j-p is the natural embedding, and p-p is induced by the projection 
irp : B -> V. Then by [BMR21 1.10.7] the following holds: 

Proposition 10.1.4. The following diagram is commutative: 
V b Coh vW (M v l) ) £ D b Modo g (f/^) 

(jp).(P7»)*l 

^Cohgd)^ 1 )) ^ P 6 Mod g ((^ 5 ) A ). 

10.2. Koszul duality for singular blocks. Choose A and p as in §10.11 

and assume moreover that p is in the closure of the alcove of A. Let y £ Waff 
be such that Ao := y^ 1 • A € Co. Then //q := y _1 • jii G Co- 
In what follows we make the following assumption^: 

(10.2.1) (fhp is surjective. 

It follows that if L is a simple [/^-module then (<ftp)*L is a simple (Ug) x - 
module. If L has trivial central character, then (<pp)*L = L(u; • Ao) for a 
unique to G W° (see §4.4[) . In this case, by definition we set L = L-p(w • Ao)- 
We denote by the set of w G W° such that Lp(w • Ao) is defined. 

22 By |BMR21 1.10.9], this assumption is satisfied if char(k) is greater than an explicit 
bound depending on G and A and, moreover, a sufficient condition is given for this to be 
satisfied in arbitrary characteristic. The latter condition is satisfied if G = SL(n,k) f [Hu2l 
5.5] and [Do] or [MR] ) or if P = P a for a short simple root a ([BKj 5.3]). 
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Let W® C W° by the subset of elements w such that w • fj<o is in the 
upper closure of w • Cq. As in §4.4^ Mod^f((Wg)o) is the category of finitely 

generated modules over the algebra {Uq)q (the block of (Wfl)o associated to 
/i). The simple objects are the image of the simple G-modules L(w • (j,q) for 
w G W®. We denote by P{w • /j,q) the projective cover of L(u> • ^o)- 

It is not clear a priori how to determine I\ in general; this will be part of 
Theorem 110.2.41 below. However, let us remark already that 

(10.2.2) #/ A = #W°. 

Indeed, the left hand side of this equation is the rank of the Grothendieck 
group K° '(Mod[) g {Up)) , which is isomorphic, by Theorem 110.1.21 to the 
Grothendieck group K Q {Coh vW {M v l) )) ^ K{V), while the right hand side 
is the rank of K°{Mod^{{Ug) )), which is isomorphic to K°{Mod% ^(Wfl)), 

hence, by TheoremE221 to K° {Coh v(1) (g^ )) ^ K{V). 

As in §Q.2>\ the algebra (^g)o can be endowed with a grading, and there 
exists a fully faithful triangulated functor 7^ commuting with internal shifts 
such that the following diagram commutes: 



DGCoh^((0pn rxP P)«) ^V b Modf&{{UQ) ) 



DGCoh((fl P n B » x pP) (1) ) % -P 6 Modfe((W ) o ). 

One can lift the projective modules P(u; • /^o) to graded (Wg)o -modules 
(uniquely, up to a shift; see Theorem I5.6.ip . Moreover, we have: 

Lemma 10.2.3. The functor 7^ is an equivalence. In particular, the lifts 
of the projective modules P{w • /Xq) are in the essential image ofj^. 

Proof. It is enough to prove that the lifts of the simple (Wg)g-modules are 
in the essential image of 7^. Let u 6 y • Co, and let vq = y~ l • v. Consider 
the translation functor Ty : Mod*((Wfl) ) Modj?((Wfl) ). For w € W° 
we have • fio) = TU"L{w • vq). Moreover, by Proposition 15.4.3], we have 
an isomorphism 7^ o Rffi-p)* = T„ o j~. Now R{tt-p)* has a graded version 

i?(7rp, Gm )*:DGCoh^((5n B « xB B)W) -> DGCoh^gp rv xP P)«). 

The functor 7^ has a "graded version" 7^ (see §8.5[) which, by Remark l6.3.5l 
is an equivalence of categories. If, for w E W®, M. w is the inverse image 
under 7^ of a lift of L(w • uq), then Pt(7Pp,<G m )*A4 u , is sent by 7^ to a lift of 
the simple module L{w • no) € Mod* ((ZYg)o)- □ 

Similarly, as in M7.21 the completion of Up with respect to the trivial 
central character can be endowed with a G m -equivariant structure, and there 
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exists a fully faithful functor commuting with internal shifts such that 
the following diagram commutes: 



P 6 Coh^ (A/£ } ) — V b Mod { z > gr (^) 

Fori {For 

V b Coh vW (A^ 1} ) £ >■ Z^Modjf (E$). 

The simple objects in Mod g ([/".p) are the L-p(w • Ao), w G I\. They can be 
lifted to graded modules. We will prove below that the lifts of the simple 
modules are in the essential image of T^; in particular, this is an equivalence. 
Finally, as in £14,21 there exists a fully faithful functor 

( v rl^Coh^jCA^) DGCoh gr (A^) 

with the same properties as £. 

The following theorem is a "parabolic analogue" of Theorem 14.4.31 

Theorem 10.2.4. Assume p > h is large enough so that Lusztig's conjecture 
is tru$^. Assume moreover that (jlO.l.ip and (|10.2.ip are satisfied. 

(i) We have I\ = tq\Y®, and the lifts of the simple modules are in the 

essential image o/T^. 

(ii) There is a unique choice of the Kft^j P gr (v • po) (v G W®), L^(u • 
Ao) (u G JxJ suc/i i/iai, «/ Qp gr , resp. £p g J «s i/ie object of the category 

DGCoh sr ((0 P n 8 * x -p^) (1) ), resp. Z) & Coh£ft (A^, 1} ), such that (v • /i ) = 
7^(Qp g J), resp. L gr (u . A ) T^(^ g u r ), /or aW u> G W° we to: 

(10.2.5) k^Q^ = CH^ J®O p(1) O vW (2p P -2p) m DGCoh^A/^). 

Proof. We prove (i) and (ii) simultaneously. Choose the objects Vw gI , £w gI 
(w G VF°) as in Theorem 18.5.21 (i.e. as in Theorem 14.4.31 if y = 1). Here, 
to avoid confusion, we change the notation Vw^ in Qw ST ■ As for Theorem 
14.4.31 the unicity statement is easy to prove; we concentrate on the existence. 
By Proposition 15.4.31 we have an isomorphism of functors 

(10.2.6) T^o^ * T?o%)*. 

By adjunction, and using equation (|4,3.2p . we have for w G W. 



o. 

I- 1 ' 



(10.2.7) tfP(wp ) P(w\ ). 

The functor L(irp)* has a natural graded version L(7Pp ,G m )* • For w G W®, 
we define P gr (w • po) as the unique lift of P(w • po) such that, if Qp S ^ is 

the object of DGCoh gr ((0 P n g . x7? such that PS r (w • /i ) = T^(S^), 

(10.2.8) Qw gT {N — N-p) - L(%>, G J*Q^. 



23 See 3031 



24 A priori, these lifts depend on the choice of A, fi, i.e. on y. 
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Such a lift exists thanks to (|10.2.6|) . <j!0.2.7|) and Lemma EE23J 
The morphisms jp and p-p induce functors 

Consider the following factorization of 7Tp: g ^'S gp xp B V ' 2 ) Q-p, where 
TVp t 2 is induced by the projection irp. These morphisms induce 

(5n rxB S)« ^ (Cqv x P B)fi rxB B)W ^4 (gpn rx ^) (1) - 

Then we have £(7Pp,G m )* — L ^V,l,G m )* ° L (^V,2,G m )*- Using this and the 
results of § §2.41 and 12.51 one can identify the Koszul dual (with respect to 
Kb, Kp) of £(7Pp,G m )*- Namely, by a proof similar to that of Theorem 18.2.11 
gives an isomorphism 

(10.2.9) (KB)' 1 o L(9 V>G J* o k p * 

{R(JpgJ* o L(p^ Gm )*) ® flCl) B(1) (-2pp)[JV - iV>](2(iV - iV»}, 

where the functors R(jvG m )* anc ^ ^(PPc m )* are defined as in §£ j2.4l and 12.51 
Now let w G W°. Consider T w := (^0%%) ® 0p(1) O vW {2p - 2p P ) G 

DGCoh^CA/^). By equation (Il0.2.9[) we have 

{RGv G J*oL{p^p G J*){F w ) - ((^)- 1 oL(^, Gm )*(Q^ 

O^CD O vW (2p-2p P ))) ® B(1) B(1) (2p P )[iVp-iV](2(iVp -JNT)). 

Using (|10.2.8p and (|8.1.1[) (or its analogue in §8.51 if y / 1) we deduce 
(% G J.°i(^JK^) = t{C y ^{N v -N))® Bm O BW {p). 
Hence there exists Q w G X> 6 Coh^™j (.A/p ) such that J 7 ^ = Op(^w)) an d 

(10.2.10) (jv,Gj*(pv,G m yg w = c y T >%® Mm o mi) (p)(N-p-N). 

By (|10.2.10p . Proposition dOLl and ([10.1.30 . the image of T^(g w ) under 

the composition P 6 Mod]f ,gr (C/£) ^ V b Mod f Q g (U£) V b Mod f Q g {{U g) A ) 

is the simple module L{tqw • Ao). Hence tqw G I\, and a lift of Lp(tqw • Ao) 
is in the essential image of If we set L^,{tqw • Ao) := T^(Q W ) and 

^v'tqw := then isomorphism (|10.2.5p is true in this case. 

In particular, we have proved that tqW® C I\. As these sets have the same 
cardinality (see fjl0.2.2|) ). they must coincide. This finishes the proof. □ 

10.3. Koszulity of singular blocks of (Uq)q. The following theorem fol- 
lows from Theorem 110.2.41 as Theorem 19.5.11 follows from Theorem 14.4.31 It 
is a modular counterpart of [BGS, Theorem 3.10.2]. 
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Theorem 10.3.1. Let A, p, be as in §10. 2} and keep the assumption^ of 
Theorem \W.2A[ There exists a Koszul ring Bp, which is a T(Np\ OjjO))- 
algebra, and equivalences of categories 

ModjfGBp) Mod[f(H^), Mod f g((Hp) ! ) Modg ((Wfl) ). 
In particular, the ring (Uq)q can be endowed with a Koszul grading. 

For any v € X, there exists a standard parabolic subgroup P, a weight 
A 4 ^aff • v i an< ^ a we ight ^ which satisfy the hypotheses of Theorem llO.3.11 
(sec [BMR2, 1.5.2]). Hence the ring (Uq)q = {Uq)q can be endowed with a 
Koszul grading for p>0. As there are finitely many blocks, all the blocks 
of (Uq)o can be endowed with a Koszul grading if p 3> 0. Finally, by \AJS\ 
F.4] (the implication we use is trivial) we deduce: 

Corollary 10.3.2. For p S> 0, (Uq)q can be endowed with a Koszul grading. 

10.4. Remark on the choice of A. Let p > h. Fix a parabolic subgroup 
P D B, and let / C <3? be the corresponding simple roots. In §10.21 we have 
chosen A such that the closure of its alcove contains a weight p of singularity 
P, i.e. an integral weight in a facet which is open in Hp := {u € X <8)z K | 
Va G I, + p, a v ) = 0). It is not clear a priori that any regular A € X-p 
satisfies this assumption 26 !. We claim that it is the case, however. 

We can assume that G is quasi simple. Let Aq be the fundamental alcove, 
A the alcove of A, and let w 6 W' aS such that A = w • ^L> What we have 
to check is that A n Hp contains an integral weight in an open facet of Hp, 
or that Aq n (u; -1 • Hp) contains an integral weight in an open facet of 
ur 1 • Hp. Write w = t u v, with v 6 X and v £ TV. Let Ao := u^ 1 • A G Co- 
If a € / we have = (A, a v ) = (Ao + p, v _1 a v ) — 1 +p{v, a v ). By definition 
of Co we have |(Ao + p, v~ 1 a v )\ < p. Hence either (i) (v,a v ) = and 
(Ao + p, v~ l a y ) = 1 (in this case v~ 1 a has to be a simple root), or (ii) 
{y,a y ) = 1 and (Ao + p, w _1 Q! V ) = 1 — p (in this case t> -1 a has to be the 
opposite of the highest short root). It follows that Aq n • Hp is the 
closure of the facet of Aq defined by the simple roots appearing in (i) (if 
there are any) and the affine simple root (if case (ii) occurs). This facet 
contains integral weights because it is the image under w~ l of an open facet 
in Hp. This concludes the proof of the claim. 

Hence Theorem 110.3.11 gives a Koszul duality for all algebras Hp. 
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